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ABSTRACT

We will learn the central roles that the Sylows Theorems play in the theory of finite groups

considering different examples.

Introduction

The Sylow theorem is collections of results in the theory of finite groups. They are a partial
converge to Lagrange’s Theorem and are one of the most important results in the field. The

Sylow Theorems are named for P. Ludwig Sylow, who published their proofs in 1872.

Background Materials:

We will use the following definitions on the paper.

Definitions:

Let G be a group and pbe a prime
1) A group of p*for somek > Ois called a p-group.

2) If Gis a group of order p*mwhere pdoesn’t divide m, then a sub group of order p*

is called a Sylow p-subgroup of G.

3) The number of Sylow p-subgroups of G will be denoted by n, =1 gives a unique

Sylow subgroup.

m This work is licensed under Creative Commons Attribution 4.0 License.

Copyright © The Author(s). All Rights Reserved © GLOBAL PUBLICATION HOUSE | INT. Journal of Math Page 27 of 31



http://www.gphjournal.org/index.php/m/article/view/401

Mulatu Lemma e7 4/, (2021) Int. J. Mathematics. 04(04), 27-31

The Three Sylows’Thoerms

Sylow’s First Theorem

Every finite group contains a Sylow p-subgroup.

Sylow’s Second Theorem

In every finite group, the Sylow p-subgroups are conjugates.
Sylow’s Third Theorem

In every finite group, the number of Sylow p-subgroups is equivalent to 1 mod por n,, =

1 (mod p)

Theorem 1.n, =1 < pis a normal subgroup of.

Proof: Follows by the second and third Sylow’s Theorems.

Theorem 2 Let Gbe a group such that 0(G) = pgwith pand q prime p < q. If p does not
divideq — 1, then Gis cyclic.

Proof:: Letpbe a Sylowp-subgroup of Gand Qbe a Sylowq-subgroup of G. Since we have

n, = 1+ kq and n,|p. It follows that k = 0. So Qis a normal subgroup of G. Now

pl
n, does not divide p implies that either n,, = qor 1. But pdoes not divide g — 1givesusp = 1.

So pis a normal subgroup of G.
Observe that p N Q = {e}and

o(p) - 0(Q

0(pQ) = 0PN Q)

=pq = 0(G)
= G=pQ

= (Gis cyclic

Theorem 3. Sylow p-subgroups for different primes can only have trivial intersection.
Proof: If x and y are distinct primes, and P1is a Sylow- x subgroup of G and P2 is a sylow -y

subgroup of G, then
P1 (P2 is a subgroup of both P1 and P2. So
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by Lagrange's theorem its order has to divide order of Pland it also has to divide order of P2, but of
course with different primes and x and y the only common factor they have is 1, so P1 [ P2 = {e},
the identity element of G.
Theorem 4. If Gis a group and 0(G) = 15, then Gis cyclic.
Proof: 0(G) = 3 5 and 3 does not divide (5-1) imply that Gis cyclic by Theorem 4.
Theorem 5. IfGis a group and 0(G) = 35, then the Center of G, denoted by Z(G), is equal to G.
Proof By Theorem 2,Gis cyclic and hence is abelian. This implies that Z(G) = G.

Theorem 6. Let Gbe a group with 0(G) = 99, then Gis abelian.

Proof O(G) = 3% % 11. Let Hbe a Sylow3-subgroup of Gand Kbe a Sylow11-subgroup of G.

Applying Sylow third term, we know that both Hand Kare normal subgroups of Gand HN K =
{e}.

Now

O - 0(K)
O(HK) = oK) - 99 = 0(G)

Hence G = HKand is abelian as Hand Kare abelian.
Theorem 7. Groups of order 340 are not simple.

Proof O(G) = 22 = 5  17. Let Hbe a Sylow5-subgroup of G. By Sylow third theorem, we have

ns = 1and hence His a normal subgroup. Thus by definition of simple groups, Gisn’t simple.
Theorem 8. Let Gbe a group and 0(G) = 30. Then Gisn’t simple.

Proof AssumeGis simple. Then Ghas 10subgroups of 3and 6subgroups of order 5. Note that
10subgroups of order 3has 10(3 — 1) = 20elements and 6subgroups of order 5has 6(5 — 1) =
24elements. Hence both have a total number of elements of 20 4+ 24 = 44 > 0(G). This is

impossible and hence Gisn’t simple.
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Theorem 9. Let G be a group of order 351. Then G is not simple.

Proof:: We have 351= 33 * 13. Note that n;3modulo 13 implies that n,3 = lor 27. If n,3=1, then G is
not simple as the sylow 13-subgruop of G is a normal subgroup. If n,;=27, then we will proceed as
follows. Observe that the sylow 13- subgroups are sub groups of order prime; they can only intersect
each other at the identity element e. Hence each sylow 13-subgruops contains 12 elements of order 13.
There are 27 sylow 13 subgroups which imply that the total number elements of order 13 in G to be
27times 12=324. This gives us that 351-324 = 27 elements of G that don’t have order 13. What does this
mean? Amazingly this implies that the 27 elements are from a sylow 3 subgroup and hence n;=1 .

Thus, this sylow subgroup is normal and hence G is not simple.
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