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ABSTRACT
An explicit identity of sums of powers of complex functions presented via this a closed-form formula of

Riemann zeta function produced at any given non-zero complex numbers. The closed-form formula
showed us Riemann zeta function has no unique solution for any given non-zero complex numbers which
means Riemann zeta function is entirely divergent. Infinitely many zeros of Riemann zeta function
produced unfortunately those zeros also gives us non-zero values of Riemann zeta function. Among those
zeros, some of them are zeros of Riemann hypothesis. The present paper also discussed on eta function

(alternating Riemann zeta function) with exactly the same behavior as Riemann zeta function.
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Introduction

In his 1859 paper on the number of primes less than a given magnitude, bernhard Riemann

(1826-1866) examined the properties of the function

((s) = Z n*

n=1

toh(:i)- This work is licensed under Creative Commons Attribution 4.0 License.
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For a complex number. This function is analytic for real part of s greater than 1 and is related to the prime

numbers by the euler product formula

)= ] a=p"
p(prime)
again defined for real part of s greater than one. This function extends to points with real part s greater than
zero by the formula (among others)
0o

C(‘ﬂ) = (1 — 2(1—5))—1 (_1)n—1n—3

n=1
The Riemann Hypothesis

The zeta function has no zeros in the region where the real part of s is greater than or equal to one. In the
region with real part of s less than or equal to zero the zeta function has zeros at the negative even integers;
these are known as the trivial zeros. All remaining zeros lie in the strip where the real part of s is strictly
between 0 and 1 (the critical strip). It is known that there are infinitely many zeros on the line 1/2+it as t
ranges over the real numbers. This line in the complex plane is known as the critical line. The Riemann
Hypothesis (RH) is that all non-trivial zeros of the zeta function lie on the critical line [1],[6],[7]. Let’s say that

again:

Riemann Hypothesis:

All non-trivial zeros of the zeta functions lie on the line 1/2+it as t ranges over the real numbers.

The Functional Equation

The functional equation of the zeta function is
¢ 1. . (TS
C(s) = T(1 — 8)(2m)* '25sin (7) C(1—s)

From which values of the zeta function at s can be computed from its values at (1-s). Using this equation one

sees immediately that the zeta function is zero at the negative even integers [3],[5],[11],[12].

Many famous mathematicians studied and developed equations to prove Riemann Hypothesis in different
approach [2],[8],[9]. An analytic continuation of Riemann zeta function developed which agrees for all

complex numbers [4].

The present paper gives us closed-form formula of Riemann zeta function which spits out non-unique solutions

for each complex numbers excepting zero.
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2. Four Definitions

Throughout this paper we will use the following definitions.

Definition 1. For every k €2 | {1;, a1,a, ER and d,,d» ER | {0\, define the following

1. pla. S S G + (£~ 1)dy
B =Bk 1,05, d, dy) = s arctan | a0 W
1 ay + (k — 1)d;
A" = A'(k.ay.d,, BY) = In { -
(k,ai,dy, BY) In(k) t ( cos(B'In(k)) ) ?
| ‘ 1 as + (k—1)ds
2 2 ! -
= v, (Ao, s - 3
A% = A%(k,ay,dy, BY) In(k) In ( sin(B'In(k)) ) ¥

Definition 2. Define the Riemann zeta function, {(s), for all complex numbers, s with real part greater than one by:

C(s) = Z n-*

n=1

Definition 3. Define the eta function(alternating Riemann zeta function), (s), for all complex numbers, s with real part
greater than zero by:

(e @]

n(s) =Y (=1 '

n=1

Definition 4. Let s be a complex number with real part of s greater than zero. Then we define the gamma function, I'(s) as
o0
['(s) = / e 't51dt
Jo

Note that T'(s + 1) = sI'(s) with real part of a complex number s greater than zero.

3. Two Theorems

Theorem 1. [10] For every complex numbers a and d, where d = 06 , then we have

d k w1 n—3 1 d i o
(n—1)!(n—3)! Z((L + (r—1)d) - Z in—i)l(n—3—1i) (5) (—1)'S,— (4)

r=1 i=0
Where

Snfi

) (n ; . 1) k= ?dniiﬂ((a’ +kd)* —a®) + (a + kd)" " —a""  (5)
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Theorem 2. [10]For every complex numbers a and d, where d = 06 , then we have
i 1 [ /n=3\/d\' n!

1 (r—1) a4+ (r—1d n—-1_ — ’ = - -1 (H_I)Lnfi 6
>0 =y =SS (")(3) Y (6)
Where

Lnfi

_ (” - "7_1) kdnu"”;idnf2((a+kd—d)2—(a—d)2)+(—1)(ﬂiU[(a+kd—d)'”—(a—d)m]
(7)

4. Main Result

Theorem 3. Define a complex numbers a = a\ +ax, d = dy+dri 6= (0 ,0), s= A'+iB'ors = A*+ iB'and 1 =6

x€R". If
a+(x—1)d=2a°
1 as + (x — 1)dy
Bl = ret
In(z) areta (al + (z — 1)d1>
1 ay + (.’L - 1)d1
Al = |
In(x) ! ( cos(B'In(z)) )
, 1 as + (2 — 1)dy
A% = 1 2
In(x) 1 ( sin(B!In(z)) )
Then
Proof
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*=a+ (x—1)d
= ) — g 4+ (x —1)d
= esn@ — o 4 (x —1)d
— AtB) (@) _ (4 (x—1)d

= e(/lln(:r:)Jr'iBln(:r:)) —a+ (IE . ].)d

s AN B _ 4 (1)
=A@ (cos(Bln(.r)) + isin(Bln(a:))) =a+ (x—1)d
= M@ cos(BIn(z)) + ie* ™ sin(BIn(z)) = a + (x — 1)d
= 1@ cos(Bln(z)) + ie™@ sin(BIn(z)) = ay + asi + (x — 1)(dy + dai)
=0 cos(BIn(x) + @ sin(BIn(x)) = a1 + (x— 1)di + (@ + (x— )ds)i

=0 cos(BIn(x) = a1 + (x— 1)d; (8)
=0 sin(BIn(x) = @+ (x— 1)d (9)

Now divide equation (9) by equation (8), then we have

sin(BIn(z))  as + (x — 1)ds
cos(Bln(x)) a1 + (v — 1)d;

as + (x —1)d
arctan( 2 ( ) 2)

a; + (xr — 1)d;

tan(B In(x)) =

1
B =
In(z)
‘We can let that

1
B' = BY(x,a,,a:.d,,dy) = B = arctan (

a9 + (ZB — ].)dg
In(x) )

ar + (z —1)d;

| 1 az + (x — 1)dy
B' = BY(z,ay,as,dy,dy) = —— arct -
= (33 ay, Aa, dl; dZ) ]n(:n) arctan (al —+ (33' — 1)(1’.1)
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From equation (8), we have

e cos(B' In(x)) = ay + (v — 1)d,

Aln@z) _ 3 + (x —1)dy
cos(B!In(x))

14+ (33 — l)dl
Aln(r) =1 ‘Aln(m) =1 @
= Aln(z) =1In (6 i cos(B'In(x))

_ 1 n it (&~ s

= €

We can let that

1 ay + (¢ —1)d,
Al = ANz a1, dy, B') = A = In (-
(v,a1,dy, BY) In(z) I ( cos(B'In(x)) )

1._ gl o 1 @t (@~ 1)dy
= A=A (r,a,.d,,B") = In(x) o cos(B'In(z))

And now from equation (9), we have

eAIn(z) Sil’l(Bl In(z)) = as + (r — 1)ds

_ 1 a2+ (2 = 1)d,
= A= In(x) n ( sin(B' In(x)) )

‘We can let that

‘ ‘ 1 az + (. — 1)dy
A? = A? 2, dy, BY) = A = I g
(2. as,dy, B") In(x) n( sin(B'In(z)) )

1 o + (33 - 1)d2
A% = (2, 03,dp, BY) = ——n (=
= (2, a,ds, B) m(z) ( sin(B! In(x)) )

Theorem 4. Ifs = A' + B'i ors = A*+ B'i, then for every 1 =6 x €ER*
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x
_ap+ (’E — l)dl cos [ arctan as + (T — 1)d2
~ cos(B!In(x)) a; + (x — 1)d,
+i sin (arctan (Z? i 8} : i%j?))}
xs

_ et (- 1)dy {cos (arctan (ag + (z — 1)(12))

sin( B! In(x)) a; + (x — 1)d,

or
a xr—1)d
+z‘sin(ar0tan( 2+ ) 2))}
ay + (iL - 1)d1
25 = eln(:u“‘} _ lesln(;v:) _ (A'+BY)In(z) _ PAlln(m)e'iBlln(J:)
. aj+(z—1)dy
= 5 = 8,41 1n(1‘)€iB] In(x) _ 8(1 (““S(H ]”('T)))) 81’81 In(x)
Proof
= = a + (:B - 1)d1 6iBlln(z)
cos(B'In(x))
ay + (ﬁf — 1)d1 1 L. 1
¥ = cos(B" In(x isin(B" In(x
BT N8 (@) +isin( B n(a)
iL’S
a; + (x —1)d, as + (x — 1)d,
= cos | arctan
cos(B!In(x)) a; + (x — 1)d,
Hence
a r—1)d
-I--z'sin(arctan( 2+ ( ) 2))}
a, + (CU — 1)d1
(- (evss)
= eA2 ln(x)eiBlln(x) —¢ s i e'LBllIl(.’I!) (10)
and
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Hence,
:US
_ Gt (2 = 1)dy cos | arctan 6y + (¢ — 1)d,
N SiH(Bl h’l(.fl})) a + (I — 1)d1
] x—1)d
+ i sin (arctan (Zj i 8}1 — 1%;?))} (11)

Theorem 5. Ifs = A'+ B'iors = A+ B'i, then for every x ER*

X-s

~ cos(B'In(x)) {(‘oq (arctan (ag + (z — 1)d2>>
_a1+($—1d1 o ‘ a1+(:(:—1)d1

. as + (x — 1)d,
—1¢8In | arctan
ay -+ (l’ — 1)d1

—S

X

_ sin(B* In(x)) [cos (arctan (ag + (z — 1)(12))
1

a €T ( a €T d

or

o+ ( —1) 2 1+( —1)

.. ( (a2+($—1)d2))]
—i8in | arctan
a, + (ﬁ? — l)dl

8 = Gln(ﬂ:_s) — Cfsln(a:) — 6(74417311')111(:1".) — efAlln(:c)efiBlln(.T)

_ aj+(x—1)dy
-3 —AlIn(z) ,—iB" In(x) ( " (CU“(B In(z)) ) ) —iBIn(x)
=T =€ (& =€ € )

proof
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~1
= S = |:a‘1 + (‘T - 1)d1:| efiBlln(x)

cos(B'In(z))

. cos(B' In(x))
Ca+ (v —1)d

( cos(B'In(z)) — isin(B" ln(:r)))

—5

xr

_ cos(B' ]n(xg {COS (arctan (a2 + (2 — 1)32))

Therefore

a;+ (r—1) 4 a+ (x—1) 4

( (ag—l—(a:—l)dg))}
—8in | arctan
a; + (x —1)d; (12)

And

—In ﬁ—cfz-"_éITl)dz
8 = P_AQ ]11(m)€—i811n(m) —e sin(B~ In(z)) P—iﬂlln(m)

Hence

—S

x
~ sin(B'In(z)) as + (& — 1)d;
= P (:1: — 1)d2 cos | arctan P (:1: — 1)d1

—1)d.
— isin (aretan (aj i (; - l)df))} (13)
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