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Abstract

The Mulatu numbers were introduced by Mulatu Lemma in [1]. The Mulatu numbers are
integral sequences of numbers of the form: 4, 1, and 5,6,11,17,28,45... These numbers have
wonderful and amazing properties and patterns.

In mathematical terms, the sequence of the Mulatu numbers is defined by the following
recurrence relation:

4 if n=0,
M, = 1 if n=l,
M, +M,, ifn>l

The first number of the sequence is 4, the second number is 1, and each subsequent number is
equal to the sum of the previous two numbers of the sequence itself. That is, after two starting
values, each number is the sum of the two preceding numbers. In [1] some properties and
patterns of the numbers were considered. In this paper, we more deeply examine additional
properties and patterns of these fascinating and mysterious numbers. Many beautiful
mathematical identities involving the Mulatu numbers, the Fibonacci numbers and the Lucas
numbers will be explored.
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Introduction and Background: As given in [1], the Mulatu numbers are a sequence
of numbers recently introduced by Mulatu Lemma, an Ethiopian Mathematician
and Distinguished Professor of Mathematics at Savannah State University,
Savannah, Georgia, and USA. The Mulatu sequence has wealthy mathematical
properties and patterns like the two celebrity sequences of Fibonacci and Lucas.

In this paper, more interesting relationships of the Mulatu numbers to the Fibonacci and
Lucas numbers will be presented.

Here are the First 21 Mulatu, Fibonacci, and Lucas numbers for quick reference.
Mulatu(M,) Fibonacci(F,)andlucas(L,)Numbers

( Tables 1 &2)

Table 1

Table 2

Remark: Throughout this paper M, F, and L stand for Mulatu numbers, Fibonacci
numbers, and Lucas number respectively.

The following well-known identities of Mulatu numbers [1], Fibonacci numbers, and
Lucas numbers are required in this paper and hereby listed for quick reference.
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(I)Ln = Fn—l +Fn+l
(2) F,

Q@) M, =L, +2F,,.

=F,+F,

+1

(4) F2n = FnLn
(5) 5 an 'LG = 4(— 1)n+1
L, +L,

n+l

5
(7) Ln+1 = Ln +Ln—l

) F,

(8) Fn+k :Fn—le+Fan

©) M, =(-1)'M

, _SEE,+LL,
(10) n+m 2

n

The Main Results:
Theorem 1.

M —M?—M* ¥2M, M, =0

n+l

Proof: The proposition easily follows using the recurrence formula

M,,=M,+M,,
Theorem 2.
M =4F +F,
Proof: Theorem 9 [1] implies that F =% Thus we have
3F_ +F =M =M =4 F +F,
Theorem 3.

Mn+2 = 7Fn+1 _Ln

L. +L
Proof: Note that from above F, = %

= SFn—l = Ln +Ln72:(Mn_2Fn—l)+Ln72
= TF -L ,=M

n
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=M, =7F

n+l

Ln

Theorem 4.
(a) If M, is divisible by 2, thenM?,.. — M *,; is divisible by 4
(b) If M, is divisible by 3, then M’..1 —M’,.1is divisible by 9.
Proof: Note that:

(a) M2n+1 —Mzn—l

:(MnH _Mn—l)(M +Mn71):Mn (Mn +Mn—1 +Mn—l):M2” +2MnMn—1'

n+l

Now it is easy to see that if M, is divisible by 2, then M*,.. — M, is divisible
by 4
(b) M =M = (M — M, M + M M, + M)

=M, (M2 + M, M, +M.)

nil
=M, (M, +M, P+ M, (M, +M, )+ M)
=M, (M2, +3M M, +3M?,)
=M>, +3M* M,  +3M M>.
Hence M, is divisible by 3= M *,..- M, is divisible by 9.
Theorem 5.The addition formula for Mulatu numbers.

Mn+k :anle + Fan+1
Proof: By Theorem 8[1] we have,

anFn—3+Fn—1+F

n+2 .

Hence it follows that

Mn+k = Fn+k73 +Fn+k71 +Mn+k+2 .

Now using the addition formula for Fibonacci numbers given above, it follows
that

M, ., :(Fn—le—3+Fn Fk—z) +(Fn—1Fk—1 +Fan)+(Fn—1Fk+2 +Fan+3)

:(Fn—le73+Fn—l +Fk—l+Fn71Fk+2) +(Fn Fk—2+Fn Fk+Fan+3)
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:Fn—l (Fk—3 +Fk—l+Fk+2) + Fn (Fk—2+Fk+an+3)
:Fn—l Mk +Fn Mk+1 .

Hence the theorem is proved.

Theorem 6:

M, =F, -3F%. +6F,F,,
Proof: By Theorem 3 we have,

M2n—1: M :Fn—an71+FnMn

n+(n-1)
=F M, +F(L +2F )
=F M, +FL +2FF, |
=F,_M, +F, +2FF,,.

Now applying Theorem 3to M, ,, we have

n-19

M, =M . =F, M, +F, M=4F,, +F, 4
AF ,+F_ =4F,—F, )+F _ =-3F,  +4F,.
Hence, M, , =F, +F, (-3F,_, +4F )+ 2FF _=F, —3F*, 1 +6F,F
Theorem 7. The Subtraction formula for Mulatu numbers
M, ,=4F ., -3F_,

n n

Proof: M, , =M, ,and hence by Theorem 3, we have
Mn—k = Fn—k—lMO + Fn—le
= 4F—k—l +Fn—k

n

= 4(Fn—k71 + Fn—k)_3Fn7k
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= 4F . -3F._,.

n n

Theorem 8.

F,-M,F —F, F=-L

ntn+l” Lartta
Proof: We use the identities listed above to prove the theorem.

Note thatF, - M F, —~F, F=FL -MF _ —F,.F,
=F,(F_ +F.)-F.(L, +2F,_)-F_F,
=F,(F_ +F.)-(F,+F_ )L, +2F,_)-F _F,
=F,(F o +F,)-(F, +F_ ), +F_ +2F,_ ) - (F, +F,_)F,
=F(F,_ +F,+F,)-

(F,+F, )F+F +F +2F _)—(F +F )F,
=F,Q2F,  +F,)-(F, +F_)F,+4F,_ ) - (F, + F,_)F,
=2FF  +F-F',—4FF —FF —4F >—F* —F F,
= -F* —4F F _ —4F"..
=-(F*, +4F F _, +4F%,1)
=-(F, +2F,_)
=-(F, +F_+F,_)*

=_(F

n+l

+F, )

4F* =L, .

Hence M,, =L M, -1*,+5F*, . Now using that 5F%, -17,=4(-1)""
it easily follows that M, =L M, +4(-1)"".

=1’ +4F%, . +2F,F,_ +4(-1)"
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