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Abstract:

The continued fractions (C.F.) with positive non integer numerators are considered. The addition and subtraction
operations of two continued fractions are discovered. Many definitions and examples that we used of these low are
presented.
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1. INTRODUCTION

Continued fractions have been extensively studied and there is a large body of research related to them [3]. They are now
included as classical results in most undergraduate textbooks like [1, 4, 5] and they continue to be studied a great deal.
Continued fraction expansions can also be finite or infinite. For example, any rational number can be expressed as a finite
continued fraction expansion, while an irrational number has an infinite continued fraction expansion [2, 9]. Although our main
concentration is in the operations of the continued fractions, it is important to look for similarities. Previous studies have shown
that the operations of the simple continued fractions follow similar patterns to those of continued fractions under certain
circumstances [6, 7, and 8]. Therefore it is important to make this comparison. Hence, we summarize some important results
for simple continued fractions. The main justification for the paper is the operations of the continued fractions. The addition
and subtraction of two continued fractions.

Il. PRELIMINARIES

W . Lo ; b
Definition 2.1: A continued fraction is an expression of the form aq + 2

complex, and their numbers can be either finite or infinite. In this paper, we consider the continued fractions of the form a, +
a++, where aq is an integer, a,,a,,as,...,a, are positive integer and z is a positive non integer. We denote it by
1 Z
az+
e

lag;ay,az,...];.

Example 2.1
3 2 5
(a) 3+-Z5=[3;47;. (b) =7 +=5=[-713lz. ()1+—2 =[1;23,..]s
442 z 143 3 2435 3
343

(a), (b) have a finite number of terms, and (c) has an infinite number of terms.

Theorem 2.1: A number is rational if and only if it can be expressed as a finite C.F. [8].
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Example 2.2:
3 3 3
() T=3+%=3+—2r=3+—2 =3+ = [32473]s,.
1 2+% 2+—2 2+—25
< i 2y
z 7+%
28 z z
(b) Z=2+F=2+-35=[2,13
9 143
3 3
(© 2=0+%=0+-27=[033]y
2 3+2
, 7
= R .
(d) ;=0++=[0:1]y

Remark 2.1: To expand a negative rational number —%(a ,b > 0) into C.F we take the greatest integer number l_—:J for the first term
of C.F that is, l_—:J = a,, where —ay < —% < —aj + 1. We write —% =—ay + %and then we use the same techniques in theorem
b’
1 7 _
2.1 to get the remaining terms for %. That is, if% =[ay,a} -+, apl,- Then Ta = [ag; ay, a5 -+, a;],. [6].

2 2
Example 2.3: ——= —7+—=—7 +&5 =-7+%= [—7,1,3]2/.
B 143 3

Lemma 2.1: [C();cl:' i 1QOCJ+19 7 ] :[CO;CI,...,C _27 J 1+Cj+13 j+29 7C ]Z

11l. ADDITION OPERATION FOR TWO CONTINUED FRACTIONS
Definition 3.1: The C.F [ay;a,,4a;, ..., a,], can be defined by [ag;aq,ay, ..., apl, = ag + Z’:"(—;(a;)
nlt1
where ki(aj) = ai+(j_1)ki_1(aj) +zki_2(aj), i=12,..,nj=0,1,..,nand k_i(aj) = O,ko(aj) =1.

Definition 3.2: Let [ao;al, s am]zand [bg;bs, ..., by], be two C.F. we define addition by

(1) 1f m = nthen [ag;ay, ., @l +[bosby, -, brl = [coicy, oesCnly (3.2a)

where

Co = ag + b, = ki(ag) + kq(by).

— la1b1 J — lk1(a1)k1(b1)

1 a1+by ky(ay)+ki (b))

In general
Z(km(a1)km(b1)km—3(Cz)_(km—l(az)km(b1)+km—1(bz)km(a1))km—2(c1))
(km-1(a2)km (1) +km—-1(b2)km(@1))km—1(c1)—km(a1) km (b1 km—2(c2)

Cy =

m Z((km—l(az)km(b1)+km—1(bz)km(a1))km—z(51)—km(a1)km(b1)km—3(Cz))
km(a)km(b)km—2(c2) —(km—1(az)kmb1)+km—1(b2)km(ar))km—1(c1)

form = 2,...,n. The last term ¢, of the resulting C.F. is to be expanded again as a C.F.

(2) If m # n (suppose that m < n)then

[ag;ay, ) @mly + [bo;b1, ey Doy Brnsts s bply = [€05€1, o) Cons Conarts -+r Crl 2 (3.2b),

where C; =c¢jforj=0,12,..,m (¢ as we did for case m = n), while cjf = ¢j,j-m and

lz(km(al)kj<b1>k,-3(c5)—(km_1(az)kj<b1)+k,-1(b2)km(a1))k,-z(c{))

(Fm—1(@2)lj(b1)+iej -1 (b2l (@) Yk j—1 (}) —km(an)kj (b1 kj—(c)

kn+1(ao)
or |ap,a.,0ay,...,4 =0
[ 0 ,%1,42, ’ n]Z k‘n(al) 2

J,modd

’

J,m even

j;]’ odd

Gj-m=

’

2{(lm-1(@2)kj 01+ 1 (02D (@) Ko (e1) k(@) (B)K ;s (c5)
e (@)kj (b1 (ch)~(km—1(a)kj(b1)+j_1 (b)km(ar) )kj_1 (c])
forj=m+1,m+ 2,---,n. Also, the last term of the resulting C.F is to be treated as mentioned earlier.

j;jeven

Example 3.1: Find [2;1,3]2/3 + [3;1,14]2/3
Solution: Let [2;1,3]2/3 = [ay;a4,a5], and [3;1,14]2/3 = [bg;by, b2],. We get m = n = 2. From definition (3.2a) we get [ag;ay, a,], +
[bg;b1, by), = [co;c1, €215, Where ¢, is the last term and
Co=0ay+by=5.
ai by 1| _
=] =Bl =
z(az(b1by+2)+by(a1a2+2)) 13

€2 = (a1a2+2)(b1b2+2)(1)—(az(b1bz+2)+by(asa2+2))cq T (to be treated as C. F),
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= [1;3,1]2/3.
Then [2;1,3] 2/, + [3;1,14]2/3 = [5;0,1,3,1]2/3.
Example 3.2: Find[2;2]7/4 + [2;9,5.7]7/4.
Solution: Let [2;2]7/4 = [ao;a1]7/4 and [2;9,5.7]7/4 = [bo;bl,bz,b3]7/4, we get m = 1, n = 3 and m < n, from definition (3.2b) we
have [2;2]7/4 + [2;9,5.7]7/4 = [ao;a1]7/4 + [b(,,'bl,bz,b3]7/4 = [ch;cq, €5, c3],, where cj is last term and
cg=Cco=ay+by=2+2=4.
=6 = laa:f;J l2+9J l J =1
e = l 2((ko(az)lez (b1)+ea (b2)kex (@1))keo(c4) ks (an)kea (b1 )k (c3))

21 k1(al)kz(bl)ko(c;)—(k[,(az)kz(b1)+k1(b2)k1(a1)k1(c1))

_ r(((l)(blbz+z)+b2a1)(1)—a1(b1b2+z)(0)J llsng _

a3 (byby+2)(1)—((1) (b1 b2 +2)+bzas)cy 588
o = e = Z(k1(a1)k3(b1)ko(Cé)—(ko(az)ks(b1)+kz(bz)k1(al))k1(51)) _ z(ay(by1babs+2by+2b3)(1)—((1)(b1byb3+2zby+2b3)+(babs+2)as)ci)
3T 2T (ko(az)ks(by)+kz(b2)k1(a1))ka(c])—ki(aks(bky(ch) B ((D(1b2b3+zb1+2b3)+(b2bs+2)a1)(c1c5+2)—as (bybabs+zby+zbs3)cy B
77

o (to be treated as C.F)
= [2,3,2,2,19,2,4,5,2,3,8,4,4,2,2,2,9,5,7]7/4.
Then [2;2]7/4 + [2;9,5,7]7/4 = [4;1,2,2,3,2,2,19,2,4,5,2,3,8,4,4,2,2,2,9,5,7]7/4.

Example 3.3: Find [4]7/4 + [0;7,5]7/4

Solution: Let [4]7/4 = [a,], and [0;7,5]7/4 = [bg;by, b,],, we get m =0, n = 2 (m < n) and from definition (3.2b), we have [4]7/4 +
[0;7;5]7/4 = [apl, + [bo;b1lbz]7/4 = [Coib1;b2]7/4, where

co=ay+by=4+0=4.

Then[4]7/4 + [0;7,5]7/4 = [4;7,5]7/4.

IV. SUBTRACTION OPERATION FOR TWO CONTINUED FRACTIONS

Definition 4.1: Let [ag;ay, -+, a,], be a C.F then we can define additive inverses by —[ag;aq, -+, a, ], = [bg;by]),, where

by = -1—ag = fo.
b = zkn(a1)

™ kn(ay)-zkn-1(az)
= [fufer filz
Therefore —[ag;ay, +, a,l, = [bo;bpl, = [foifi, . fil2-
Example 4.1: Find —[2;1,3]2/3.
Solution: Let [2;1,3]2/3 = [ag;a4,a;],, (n = 2) from definition 4.1, we have: [—2;1,3]2/3 = [by;b3],, where
by=-1—ay=-1-2=-3.
zky(aq) 22

b} = ) k.G = 1s (to be treated as C.F).

= [1;1,1,1,3.2]2/3.

Then — [2;1,3]2/3 = [—3;1,1,1,1,3,2]2/3
Definition 4.2: If [ag;a,, -+, an], and [bg;by, -+, by], are two C.F then we define subtraction [ag;aq, -, @y, — [bo;b1, -+, brl, by the
addition [ay;ay, -+, aml, + [foifi-, -+, fil where [fo;f1, -+, fil; give by definition 4.1. That is

(1) fm = lthen [ag;ay,, amlz + [foife, ) fnlz = [coscr, ) Cml2 (4.2a)
where ¢, ¢y, **+, Cpy as give in (3.2a)
(2) fm # 1 ,(L < m)then
[aO;alJ A gttty am]z + [fO;flf lfl]z = [C(’);C{' t Cl’J Cl’+1' ) Crln]z (4-2b)
where cg, 1, ***, Cry, as give in (3.2b) .
Example 4.2: Find [1;1,2]5/3 - [0;1,2]5/3
Solution: (1) first we find —[0;1,2]5/3.Let [0;1,2]5/3 = [ag;ay, a2]5/3, (n = 2). From definition 4.1, we have
—[0:1,2]5/3 = [bo,bz]s/g, where
by=-1—ay=-1-0=-1

. zk,(ay) _ z2(aa; +2) 55

T kala) — zki(a))  (@a +2) —z(ay) 3
Then —[0;1,2]5/3 = [—1;18,5]5/3.

(2) To find [1;1,2]5/3 + [—1;18,5]5/3, we let [1;1,2]5/3 = [ag;a4,a5], and [—1,18,5]5/3 = [fo:f1, folz, (m =n = 2) from (3.2a), we

have
[1;1, 2]5/ +[-1;18, 5]5/ = [ag;aq, azl; + [foifi, 21z = [coscq, 25, where ¢, is the last term and

0—a0+f0—1+( 1) =0,

s= L] = sl =[5 =0

(to be treated as C.F.),

= [18;5]5/3-
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z(az(f1f2+2) +f2(a1a,+2)) _ 3025

C2

T @ i fa D)~ (i ot D)+ fo(araz+2))e; | 3025

’

Then [1;1,2]5/3 + [—1;18,5]5/3 = [0;0,1]5/3 =1 (bylemma2.1)

V. CONCLUSION

This paper is a sequel to our previous work in which we found the operations of the simple continued fractions. In the previous work,
[8] we discovered the definitions of addition, subtractions, multiplication and division operations of the simple continued fractions. In
this paper we defined the addition and subtractions of continued fractions with positive non Integer numerators. The study of the
continued fractions with positive non Integer numerators is the first step to understand the continued fractions with polynomial
numerators.
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