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Abstract:

Chickenpox remains a highly contagious viral disease that poses significant public health
challenges, particularly in populations with low vaccination coverage. Understanding its
transmission dynamics is essential for designing effective control strategies. This study
presents a comprehensive mathematical model to analyze the spread of Chickenpox,
incorporating key intervention measures such as vaccination, isolation, and treatment.
The model categorizes the human population into six compartments: susceptible,
exposed, infected, isolated, treated, and recovered individuals. A system of ordinary
differential equations is employed to describe the interactions among these groups. The
model is further examined through the determination of disease-free and endemic
equilibrium states, and stability analysis is conducted to establish the conditions under
which the disease can either be eliminated or persist within the population. Sensitivity
analysis is performed to identified the most influential parameters affecting disease
transmission, revealing that transmission rates, vaccination coverage, and recovery rates
play critical roles. Numerical simulations are also carried out to evaluate the impact of
various intervention strategies. The results demonstrate that increased vaccination
coverage, timely isolation of infected individuals, and effective treatment significantly
reduce the number of new infections and overall disease burden. The findings highlight
the importance of integrated public health strategies in controlling Chickenpox
transmission. This study provides valuable insights that can inform policy decisions and
guide the implementation of effective disease prevention and control measures.
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Introduction

Chickenpox, also known as varicella, is a highly contagious viral infection caused by the
varicella-zoster virus (VZV), a member of the herpesvirus family. It primarily affects
children but can also occur in adults, where it tends to be more severe. The disease
spreads through respiratory droplets or direct contact with infected lesions, making it
highly transmissible in crowded environments such as schools and households [1][2].
Despite being generally self-limiting, chickenpox remains a public health concern globally
due to its potential complications and continued outbreaks in areas with low vaccination
coverage [1]. Clinically, chickenpox is characterized by a prodromal phase of fever,
fatigue, and malaise, followed by the appearance of a vesicular rash that progresses
through different stages, including macules, papules, vesicles, and crusts. A distinguishing
feature is the presence of lesions at various stages simultaneously on the body [1]. While
most cases resolve without complications, severe outcomes such as pneumonia,
encephalitis, and secondary bacterial infections may occur, particularly among
immunocompromised individuals, pregnant women, and adults [2]. Empirical clinical
observations have consistently shown that complication rates are significantly higher in
these high-risk populations [3].

Recent empirical studies have expanded understanding of the epidemiology of
chickenpox. An observational study conducted in England between 2016 and 2022
revealed that chickenpox continues to impose a substantial burden on healthcare
systems, particularly in regions without universal vaccination programs [4]. Similarly, a
2024 study assessing the impact of the COVID-19 pandemic on childhood infections found
notable changes in the incidence and clinical patterns of chickenpox, suggesting that
public health disruptions can influence transmission dynamics [5]. These findings
highlight the evolving epidemiological patterns of the disease. Further empirical evidence
from molecular and surveillance studies underscores the persistence and complexity of
chickenpox outbreaks. A 2026 serological and molecular investigation in India identified
ongoing transmission and multiple outbreaks across regions, emphasizing gaps in
vaccination coverage and surveillance systems [6]. Additionally, metagenomic research
conducted during a 2024 outbreak in Uganda found that 86% of suspected mpox-negative
cases were actually caused by VZV, revealing a hidden burden of chickenpox that may be
underdiagnosed in outbreak settings [7]. Such studies demonstrate the importance of
laboratory confirmation and integrated disease surveillance.

The burden of chickenpox extends beyond the acute phase of infection, as the virus
establishes latency in the host and can reactivate later in life as herpes zoster (shingles).
This reactivation can lead to significant morbidity, including chronic pain and
neurological complications [2]. A recent systematic review and meta-analysis
(2023/2024) quantified the global prevalence of varicella-associated complications,
confirming that although often mild, the disease can result in diverse and serious health
outcomes affecting multiple organ systems [3]. These findings reinforce the need for
comprehensive prevention strategies.
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Vaccination remains the most effective preventive measure against chickenpox. The
introduction of the live attenuated varicella vaccine has led to significant reductions in
disease incidence, hospitalizations, and mortality in countries with established
immunization programs [1]. Empirical modeling and epidemiological studies further
suggest that widespread vaccination can drastically reduce transmission and contribute
to herd immunity over time [8]. Therefore, strengthening vaccination programs,
improving surveillance systems, and promoting public health awareness are essential
steps toward controlling the disease globally [9][10].

Recent studies applied mathematical modeling techniques to better understand the
transmission dynamics of chickenpox. El-Mesady and Ali [11] developed a fractional-
order compartmental model that incorporated both vaccination and isolation strategies.
The study demonstrated that these control measures significantly reduced the spread of
infection. It further showed that fractional derivatives improved the model’s ability to
reflect real-world transmission patterns, making it more reliable for predicting disease
trends. Adepoju et al [12] constructed a deterministic mathematical model focusing on
childhood transmission of chickenpox. Their findings revealed the existence of disease-
free and endemic equilibrium states and indicated that effective vaccination and
treatment strategies reduced the basic reproduction number. The study concluded that
sustained intervention efforts were essential for controlling the spread of the disease in
susceptible populations.

Okafor et al [13] (analyzed chickenpox transmission using the Laplace Adomian
Decomposition Method to solve nonlinear differential equations. The study showed that
increasing vaccination rates significantly reduced infection prevalence. Through
numerical simulations, the researchers confirmed the stability of the disease-free
equilibrium under improved immunization coverage, emphasizing the importance of
vaccination programs. Anwar et al [14] conducted a comprehensive scoping review of
mathematical models of Plasmodium vivax transmission. The study found that models
incorporating biological complexities such as relapse due to hypnozoites and host
immunity produced more accurate predictions. It highlighted the importance of
integrating biological realism into models to enhance their usefulness in guiding malaria
control strategies. Anwar et al,, [15] evaluated different modeling approaches used to
assess intervention strategies. The researchers found that combining vector control,
treatment, and immunity within models significantly improved the prediction of malaria
transmission patterns. The study emphasized that multi-scale modeling, which integrates
both within-host and population-level dynamics, provided more effective insights for
policy formulation.

Kumar et al [16] developed a mathematical model based on real outbreak data from the
United States. The study applied numerical and fractional modeling techniques and found
that the model closely matched observed epidemiological data. It demonstrated that
accurate parameter estimation was crucial for predicting outbreak progression and
evaluating intervention strategies. Meharry [17] employed a data-driven deterministic
model to examine the transmission dynamics of monkeypox. The study showed that
incorporating real-time outbreak data improved the model’s predictive accuracy. It also
revealed that early intervention strategies, such as isolation and contact tracing,
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significantly reduced disease spread, highlighting the importance of timely public health
responses.

The aim of this study is to assess the effectiveness of treatment and isolation methods in
reducing the transmission of chickenpox and to explore its transmission dynamics. By
addressing the need for a deeper understanding of the mechanisms through which the
disease spreads, this research seeks to provide valuable insights for managing its
transmission and to offer potential policy recommendations for public health
interventions. The objectives of this study are to: (i) develop a mathematical model that
accurately represents the transmission patterns of chickenpox; (ii) determine the basic
reproduction number associated with the proposed chickenpox model; (iii) analyze the
stability of the model through a comprehensive examination; (iv) perform sensitivity
analysis to evaluate the impact of individual parameters on the basic reproduction
number; and (v) carry out numerical simulations of the model to validate specific
theoretical results obtained in the study.

The novelty of this study lies in the development of a comprehensive compartmental
model that captures the complex transmission dynamics of chickenpox by incorporating
eight distinct population classes. The total population is stratified into Susceptible,
Exposed, Asymptomatic Infectious, Symptomatic Infectious, Isolated Infectious, Treated
Infectious, Recovered, and Vaccinated compartments, allowing for a more detailed and
realistic representation of disease progression. Unlike many existing models, this study
explicitly integrates both isolation and treatment strategies alongside vaccination,
thereby providing a more holistic framework for evaluating control measures.
Additionally, the inclusion of asymptomatic infectious individuals enhances the model’s
ability to reflect hidden transmission pathways often overlooked in simpler models. The
study further distinguishes itself through the combined use of analytical techniques,
including stability and sensitivity analysis, as well as numerical simulations to validate
theoretical findings. This integrated approach offers deeper insights into the relative
impact of epidemiological parameters and supports more informed public health
decision-making aimed at reducing the spread of chickenpox.

Model Formulation
The total population ( N ) is divided into eight compartments: Susceptible (S ), Exposed
(E), Asymptomatic Infectious (/, ), Symptomatic Infectious ( /), Isolated Infectious (

I, ), Treated Infectious ( 7 ), Recovered ( R ), and Vaccinated ( V' ). Thus,
N=S+E+1,+I;+1,+T+R+V . The recruitment rate of the population into the

susceptible compartment is denoted as A . Susceptible individuals can become exposed
through contact with different categories of infectious individuals at a transmission rate
A . Exposed individuals progress to the infectious compartment at a rate o . Upon
progression, individuals may become asymptomatic at a rate (1-a)o or isolated

infectious at a rate oo . Asymptomatic infectious individuals can progress to

symptomatic infectious at a rate ¥, , while symptomatic infectious individuals can be

isolated at a rate (1— p)y, or treated atarate pyy .

© 2025 Global Publication House | Int. Journal of Mathematics 24



Compartmental Model for Chickenpox Transmission

Each infectious compartment has distinct dynamics: asymptomatic infectious individuals

(1,) can progress to symptomatic state or experience disease-induced mortality at rate
0, symptomatic infectious individuals (/) can progress to isolated or treated states or
experience disease-induced mortality at rate J;, isolated (/,) individuals recover at rate
7, or experience disease-induced mortality at rate J,, and treated ( T') individuals
recover at rate 7, or experience disease-induced mortality at rate J, . The model

incorporates disease-induced mortality rates 0,, d¢, J,, and J, for asymptomatic,

symptomatic, isolated, and treated compartments, respectively. Additionally, the model
accounts for a vaccination process, where susceptible individuals can be vaccinated at a
rate @, with a vaccine failure rate & . Natural mortality g is applied across all living

compartments. Recovered individuals remain in the R compartment, and those in the V
compartment represent vaccinated individuals. The system captures the complex
transmission dynamics of the disease, accounting for multiple infectious states,
treatment, isolation, and vaccination strategies.

The formulation of the model is based on several key assumptions to simplify and
accurately represent the transmission dynamics of chickenpox. First, the model assumes
homogeneous mixing within the population, meaning that all individuals have an equal
probability of contact with one another and disease transmission occurs at a uniform rate.
Second, individuals who recover from the infection are assumed to acquire permanent
immunity, and therefore remain in the recovered compartment with no possibility of
returning to the susceptible class. Third, the model incorporates vaccination as an
important preventive strategy; however, it acknowledges the possibility of vaccine
failure, implying that vaccination does not provide complete protection and that some
vaccinated individuals may eventually return to the susceptible compartment.
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Figure 1: Schematic diagram of the Chickenpox model

© 2025 Global Publication House | Int. Journal of Mathematics 25



Variable and Parameters description

Table 1: Variable Description

Compartmental Model for Chickenpox Transmission

S

Susceptible population (individuals who
can contract chickenpox)

Exposed population (individuals who
have been exposed to chickenpox but are
not yet infectious)

Asymptomatic infected population
(individuals infected with chickenpox who
show no symptoms)

Symptomatic infected population
(individuals showing symptoms of
chickenpox)

Isolated infected population
(symptomatic individuals who are
isolated to prevent spread)

Treatment population (individuals
receiving medical care for chickenpox)

Recovered population (individuals who
have recovered from chickenpox and are
immune)

Vaccinated population (individuals who
have been vaccinated against chickenpox)

Table 2: Parameter Description

A

Birth rate or immigration rate (related to
new individuals entering the population)

A

Force of infection (transmission rate of
chickenpox)

Vaccination rate (proportion of
individuals vaccinated against
chickenpox)

Rate of vaccine waning immunity (how
quickly immunity from vaccination
decreases)

Rate of progression from exposed to
infected (time it takes for exposed
individuals to show symptoms)

Fraction of exposed individuals who
become isolated upon infection (to
prevent spread)

© 2025 Global Publication House | Int. Journal of Mathematics
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V4 Rate of progression from asymptomatic to
symptomatic (time from exposure to
symptoms)

Vs Rate of progression from symptomatic
infection (time to recovery from
chickenpox)

P Fraction of symptomatic individuals who
receive treatment (medical care for
symptomatic cases)

Tr Recovery rate from treatment (how
quickly individuals recover when treated)

7, Recovery rate from isolation (time taken
to recover when isolated)

Y2 Natural death rate (general mortality rate
in the population)

S, Disease-induced death rate for

asymptomatic individuals (risk of death
despite no symptoms)

O Disease-induced death rate for
symptomatic individuals (risk of death
during symptomatic phase)

oy Disease-induced death rate for isolated
individuals (risk of death while in
isolation)

Sr Disease-induced death rate for

individuals in treatment (risk of death
despite receiving treatment)

MODEL EQUATIONS
In the light of the description of the model above, the differential equations modeling the
transmission dynamics of Chickenpox in the population is given as

%zA—(}t+¢9+y)S+gV
Z—fz@S—(sﬂu)V
cfl—ljzﬁS—(O'-l-lu)E

dl
T;Z(I—Q)O'E—(VA+/I+5A)]A
dl

7;:7//11/1 —(yg+u+65)1;

dl,

E=aaE+(l—p)7/S]S—(r,+y+§,)],
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dT

E:pysls_(fr"'ﬂ"'gr)T
R

%=2'TT+r,I,—uR

Where A = Bils +ﬂ]svls+:311/ is the force of infection.

Let, K, =(0+u), K, =(e+u), Ky=(1-a)o, K,=ac, K, =(1-p)ys, K = prs
E:(G+,u), g :(7A+lu+5A)’ B :(7/5"'/”'55)' k, :(71"':“"'51)'
I)'SZ(TT+Iu+5T)

Hence with this simplifications, the new differential equations modeling the
transmission dynamics of chicken becomes

§=A—/1S—K1S+8V
dt

d—V=9S—K2V

dt

d_Ezgs_EE

dt

dl

7;:K3E_P2[A

dl

7;27,41,4 - Bl

dl
7;=K4E+KSIS—HII
dT

ZZK()IS _PST

dR

EZTTT_'_TIII —IIJR

Analysis of the Chickenpox Model
Invariant region of the Chickenpox model
Theorem 1

The solutions of the proposed Chickenpox model are feasible for all # > O, if they enter

the invariant region D, which is given by:

A
D={(S,E, 1,11, T,RV):S>0,E>0,1,>0,1;>0,1,>0,7>0,R>0,//>0,N<—}.
U

Proof

The total population N (t ) of the Chickenpox model is given as:
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NOY=SO+ED+1,@O)+I;0)+1,(O)+T@)+R@)+V(2).

Adding all the differential equations of the model, we have:
dN dS dE dI, dlIg dI, dI dR dV
— =t — A+ S L —
dt dt dt dt dt dt dt dt dt
Substituting the equations of the model into the above expression, we get:

CZ_NzA—y(S+E+IA I+ 1, +T+R+V)= (8,1, + 3,5 + 35,1, +5,T).
t

Simplifying further, we obtain:

AN
AN _A_un.
dt #

This is a standard first-order linear differential inequality. Solving it using the integrating
factor method:

d—N+,uN£A.

dt

Multiplying through by the integrating factor e*:

i(Ne"t) < Ae".
dt

Integrating both sides with respectto , we have:
A
N(t)e" <—e" +C,
U

where C is the constant of integration. Dividing through by *:

N(@) < §+(N(0)—§)e-w.
H M

As t — 0, the exponential term ¢ “ — 0, hence:
A
N <=,
U
Applying Birkhoff and Rota's theorem on the inequality, we obtain:

OSN(t)SA as t— o,

Thus, D is a positively invariant set under the flow described by the model equations.

Therefore, no solution path leaves through the boundary of region D, and the model is
epidemiologically and mathematically well-posed in this region.
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Positivity of solution of the Chickenpox model

[t is necessary to prove that all state variables of the Chickenpox model are nonnegative
for all time f, ensuring that the model is epidemiologically and mathematically well-
posed in a feasible region C, defined as:

C:{(S,E,IA,IS,I,,T,R,V):S>O,E>0,IA >0,1,>0,1, >0,T>0,R>O,V>O,ASN}
Y7,

Lemma 1
Let the initial conditions of the Chickenpox model satisfy

(8(0), £(0),1,(0), 15(0),1,(0),T(0), R(0), ¥ (0)) > 0

Then, the solutions (S,E,IA,IS,I[,T,R, V') of the model are positive for all # > 0.

Proof

Let
t=sup{t>0:8>0,E>0,1,>0,1;>0,1,>0,T>0,R>0,V >0, for 1 €[0,¢]}.

Thus, # > 0. From the first equation of the Chickenpox model:

%zA—ZS—HS+gV—,uS.

We observe that:

d—S >—(A+60+u)S.
dt

This inequality can be written as:
as
j?z —j(/1+0+y)dr.

Integrating, we obtain:

InS=—-(1+6+)t+C,,

where ¢, is the constant of integration. Therefore:

S(t) > C ef(/1+9+;t)t
z20, ,

where ¢, = 5(0) > 0. This shows that S(z)>0 forall # > 0.
Similarly, we analyze the equations for £,7,,7,,7,,7,r,and V" :

In each case, following the same approach, we find that
E(0),1,(),1,(0),1,(0),T(t),R(),V(¢)>o0 forall >0, provided the initial conditions

are positive.
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Thus, the solutions (S, E, IA ) IS , ]1 ,T,R, V) of the Chickenpox model are positive
for all time ¢ > 0. This completes the proof.
Asymptotic stability of the disease-free equilibrium of the Chickenpox model

The disease-free equilibrium point (DFE) is the steady state where only the susceptible
and vaccinated populations are non-zero, while all infected compartments are zero.

At the DFE, we have: E* =[; :1; =[; =T* =R* =0

Setting as =0 and a =0 at equilibrium:
dt dt

From

%:A—ES—K1S+8V:0:

Since A =0 at DFE (no infected individuals),

we have: A—KlS;k +el =0 .. (a)
From 97— 95" —- K,V =0:
dt
08 =KV’ V-QKi . (b)

Substituting equation (b) into equation (a):

A—KlS*+g-ei:0
K

© 2025 Global Publication House | Int. Journal of Mathematics 31



And from equation (b):

£3

g 08 _ O
K, KK,—&b

Since K, =60+ 1t and K, =€+ u:
KK,-€0=(0+u)(e+u)—&o
=G +0u+ s+ 11 — €6

=p(@+e+ )

Therefore, the disease-free equilibrium is:

E,=(SE I, I,1,T ,R",V")
Where:
§ - Ale+p)
p(O+e+ )
v oA
p(O+e+ 1)

* *

E=I=0I=1,=T =R =0

This can be further simplified as:

¢ AK,
(K, + K, — p)
. OA

V =
MK, + K, = p)

Compartmental Model for Chickenpox Transmission

Basic reproduction Number of the Chickenpox model

The basic reproduction number of Chickenpox infected individuals denoted by g, is

defined as the average number of secondary infections produced by a single Chickenpox
infectious individual introduced in a wholly susceptible population during his or her
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entire infectious period. We calculate the basic reproduction number by using the next
generation operator method on the dynamical system (1).

To find the basic reproduction number Ro: we use the next-generation matrix method.

We identify the infected compartments as £, [A, IS, Il,and T.

The transmission matrix /' (new infections) and transition matrix /' (transitions out
of infected compartments) are:

Bl Bl + B, S*_ r PE 7
NO -K.E+P]I,
F= 0 , V= =Vl + Bl
0 ~K,E-K,J,+Pl,
0 -K I, +PT

The Jacobian matrices at DFE are:

ﬂASf ﬁsf* ﬂlf* 0
N N N
0 0 0 0 0
F =
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0]
P 0 0 0 O]
-K, B 0 0 0
V= 0 -y, B 0 0
-K, 0 -K, P 0
L 0 0 _Ké 0 Ps_

The inverse of V is:
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1 0 0 0 0
B
us 1 0 0 o0
BP, B
V—I — K37/A 7/,4 i 0 O
RRE, PRR P
K, +K37AK5 r.Ks o Koo 1 0
RP, BRRP, PPP, PP, P,
Ky ,Ks K o K 0 l
RRRPR,  PBRR RP P

The next-generation matrix is K =FV ', and Ro is its spectral radius.

Since only the first row of F' is non-zero, the basic reproduction number is:

Ro:S_Z P.K; +ﬂSK37/A +B, K, +K37AK5
N | rr " eer "7\ BR T RRPP,

Local Asymptotic Stability of the DFE of the Chickenpox Model

Theorem 2 The disease-free equilibrium point of the Chickenpox model is locally

asymptotically stable (LAS) if Ro <1, and unstable if Ro >1.

Proof

The Jacobian matrix at the disease-free equilibrium point J(E,) is:

K, 0 _ﬂAf* _ﬂsf* _ﬂlf* 0 0 e
N N N
0 -p ﬂAf* ﬁsf* ﬂIS** o 0 0
N N N
0 K, -P, 0 0 0 0 0
JEI= o oy, ~P, 0 0 0 0
0 K, 0 K, -, 0 0 0
0 0 0 K, 0 -P 0 0
0 0 0 0 T, o, —u O
0 0 0 0 0 0 0 -K,

To analyze stability, we examine the characteristic polynomial: det(.] (Eo) Al ) =0
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The matrix can be partitioned into blocks corresponding to the disease-free subsystem
(S, V, R) and the infection subsystem (E,IA, IS, [, I ).

For the disease-free subsystem, the eigenvalues are:

All these eigenvalues are negative since all parameters are positive.
For the infection subsystem, the stability is determined by the dominant eigenvalue of

the 5x5 submatrix:

p BS BSOS
N N N
K -P 0 0 0
J _ 3 2

infection O 7//4 _ B, 0 O

4

o o K, 0 -P

The characteristics polynomial of J, .., becomes
P()=A +(R+P,+P+F,+P)A +[RP,+ RP, + RP,+ RR + PP + B,F,+ PP, + BP, + PP, + PRI

HARE +RRE + BEE+ RRE, + RRE+ RE P + B, + AR + PEF + BR L

K, ﬂAf* K, ﬂSS?/A _ ﬁ/S**K4 _ ﬂ]S*Kz;yAKs 122
N N N N

HRPPP, + BRPP. + PRRP. + PREP, + P,PPP,

*

* *K
KL pnen)-K, ﬁsli*“ 2y LK p v p)

S'K.v K
—EL7ﬁQ—HEHﬁ+R%%ﬂ&0—R0

Applying the Routh Hurwitz criterion, which states that to ensure the characteristics

polynomial have negative real parts, the co-efficient of 4, (for i=0,1,2,3,4,5) must

exceed zero (or be greater than zero), we have that, (1-R;) >0
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And hence R <1 and the disease-free equilibrium point of the chickenpox model is

locally asymptotically stable.

Global Asymptotic Stability of the Disease-free equilibrium point of the Chickenpox
Model

Theorem 3 The disease-free equilibrium of the Chickenpox model is globally
asymptotically stable whenever Ro <1.

Proof

Consider the following Lyapunov function:

L=cE+¢l,+¢l +c,d, +¢T, where ¢,¢,,¢,¢, and Cs are positive constants to

be determined.
Taking the time derivative of L. along the solutions of the system, we have:

dL dE dl, dl; dl, dT
—=¢—+c,—~+c;——+c,——+cCc;—.
dt dt dt dt dt dt

Substituting the model equations:

dL
CC =S~ RE)+¢,(K\E =PI+ (7,0 =Bl +¢,(K,E+K I Pl + (K I~ PT)
Rearranging:
dL
o GAS+E(=¢ R +6,K; +¢,K,) +1,(=¢,P, +¢y7,)
t
+(—c; P+, Ks+cKo)+ 1 (=¢,P) +T(=c;R)

We choose the coefficients such that:

,K;+c¢,K,=¢h,
74 =60,
c,K+c.K =cP,
c,b, =¢,p,,

Csps = Csps»
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Let ¢, = 1. Then:

K3

C, =—
B

o =0h K&
Vi 74

_K
1
c _R-¢K, _ P
! K, K,

From ¢, K +¢;K =P

_ B¢k
=
K
With these choices, the derivative simplifies to:

dL
E = CliS—C4P41] _CSPST

Since A = ﬂA1A+'6']S\]13+'611’ S and atthe DFE S™ < N7,

we can write: il—l; <cS" Bl +€\S[{S AL —c,PI, —c,PT

This can be bounded as:

d_LS 01S* ﬂAK3+ﬂSK37A+ﬂ K, +K37AK5
d "\ N ) RB BRPR

E+Il,+I1.+1,+TY-(0,1,+01.+061,+0.T
RH P1P2P3})4 ( A S I )(AA S*S 171 T)

Since the bracketed expression equals Ro: we have:

cfj—I;SK(RO—I)(E+IA+1S +1,+7)

where K >0 is a positive constant.
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WhenROSI:
1. Lo
dt
dL . e FE=] =1.=1 =T=0
2. 7:Olfandonlylf Lyt =4 =4 =
t

By LaSalle's Invariance Principle, since L is a Lyapunov function on the feasible region

and the largest invariant set where %:0 is the disease-free equilibrium E,, every
t

solution to the system approaches the disease-free equilibrium point as £ — %0 when

Ro <1. Hence the Chickenpox model is globally asymptotically stable.

Endemic Equilibrium Point of the Chickenpox Model

Theorem 4 The endemic equilibrium point of the chickenpox model exists and is stable if

R,>1.

Proof

To find the endemic equilibrium of the chickenpox model, we set each derivative to zero:
dS_dV_dE_dI_A_%_&_dT_dR_O

didt di dt di dt dt dr
Let the endemic equilibrium be represented by (S*, V*E*[Z];,I;T*R*) .

From the equilibrium equations:

Fromd—Vzo V*ZHi
dt K,

. AS

From —=0: F =——
t B

f:&E:&ff

dt . P, PP,
From =5 =0 [S:7AA: Jar S
! B L
. KE+KJI;, XS Ky K
From —L=0: [, =—* 55:/15 (K, + 374 5)
. KI. Ky KAS
Fromd—T:();T _Bels _ B3Vl S
dt P, RBPRPR
* T*+ ]*
Fromd_R:();R _Il Ty
dt U
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From &5 _0: A=1'S K8 +eV =0

dt
. 08 . o * 6s”
Substituting V' =—: A-4S§ —K§S +6——=0
K, K,
A=S*£l*+Kl—£J
K2
. I +BI.+BI
The force of infection is: 4 :'BA s IBS*S 'B] !

N

* *
Substituting the expressions for IA, I;, and [1 :

ﬂ*zi*S* B.K; +IBSK37/A +B K, +K37AK5
N | RB,  PRRP, "'\PRP, PRRPP

Since the bracketed expression equals N*RO /S (from our Ro calculation), we have:
o A'S" N'R,
NS

For a non-trivial solution (1" = 0), we need Ro =1, which gives the transcritical

=R,

*

bifurcation point.
AR,

For Ro >1, we can solve the system to get: A= =0
S"(R, -1+ N"(K, —?)/RO

2

This gives positive values for all endemic state variables when Ro >1.

Hence, the endemic equilibrium point of the chickenpox model is stable whenever

R,>1

Sensitivity Analysis of the Chickenpox model

Definition 1

The sensitivity index of the reproduction number R, with respect to any parameter x is
OR, «x

iven by: I3 = —0x =
8 Vi S ox R,

The expanded form of the basic reproduction number is given as:

© 2025 Global Publication House | Int. Journal of Mathematics 39



Compartmental Model for Chickenpox Transmission

E+u o

R, =
O+e+u o+ u

J s pC-ay, B | fi(1-a)y, (= p)rs }

Yatu+6, (yy+u+o ) ys+u+os) 7,+u+6, (y+u+8 ) ys+u+05)r,+u+05)
Let us define the components:

O+ec+u
2. B=—2

o+ U

1_

3. Clz ﬂA( a)

7A+,u+5A
4 _ Bs1-a)y,
. 2_

(Yt u+0 ) ys+pu+ds)
5. C ——'B’a

} _r[+,u+5,
_ p(-a)y (1= p)ys
a8 ) (s a8 (T + i+ 6)

SoR,=4-B-(C,+C,+C,+C,)

1. Sensitivity with respectto S, :

~R Cl
Jho =
i Cc+C,+C.+C
1 2 3 4
ﬂA(l_a)
_ YatHu+S,
,BA(I_a) n ﬂs(l_a)?/A " :Bla n ﬂ[(l_a)7A(1_p)7/s

Yatu+o, (+u+d)ys+u+dsy) t,+u+6, (Y, +u+to)ys+u+o)r,+u+o))
2. Sensitivity with respectto f;:

~R, _ C2

3 =
G+ C+C+C,

Bs(1-a)y,
_ (ra+p+0)(ys+p+05;)
- ﬂA(l_a) + ﬂs(l_a)y,q + IBIa + ﬂ](l_a)J/A(l_p”/s
Vatu+6, (r+ru+8)ys+pu+ds) t,+u+6, (V,+u+0,)ys+u+os)z, +u+d;)
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3. Sensitivity with respectto /3, :
C, +C,

Iy =
" C+C+CG+C,
Ba n B-a)y,(d-p)ys
_ AU+, (yu+u+ O )y +u+S )T, +p1+6))
pd-a) . Bs(1-a)y, L Ba B(-a)y,(d-p)y;

Vatu+o, (Vu+u+8)ys+u+d5) t,+u+0, (y+u+0,)ys+u+0,) v, +u+0,)

4, Sensitivity with respectto 7 ,:

_ Va _G+G+C n 74 (G +C))
v, tu+o, C,+C,+C,+C, (y,+u+o,)(C,+C,+C,+C,)

~R,
‘S;/A

5. Sensitivity with respectto 7:

SRo — _ Vs . C,+C, " (I-p)ys-C,
s yot+tu+oy C+C,+C+C, (ys+u+o)(C+C,+C+C,)

o, _G+G+C,
v, +tu+o, C+C,+C +C,

6. Sensitivity with respectto 0, : SI;: =—

Oy . C,+C,
ys+u+o, C+C,+C+C,

~R, _

7. Sensitivity with respectto J;: J;° =—

0, _ G, +C,
T, +u+o, C,+C,+C,;+C,

8. Sensitivity with respectto 0, : S?}O =—

9. Sensitivity with respectto a (progression to severe infection probability):
~,  a CG-C-C-C,
“ l-a C+C,+C+C,

10. Sensitivity with respect to o (progression to treatment probability):
SRO _ p C4

» " 1-p C+C,+C, +C,

0

11. Sensitivity with respect to 6 (vaccination rate): 320 =
O+e+u

© 2025 Global Publication House | Int. Journal of Mathematics 41



Compartmental Model for Chickenpox Transmission

~ £
12. Sensitivity with respect to ¢ (vaccine waning rate): \550 =
O+e+u

_H

13. Sensitivity with respect to o (incubation rate): Si‘] =
o+ u

14. Sensitivity with respect to © (natural death rate):

~R, _ 6 o U _G+G+C U

o O+e+u o+pu y,+u+6, C+C+C+C, yo+u+d;
y C,+C, B y7, _ C,+C,
C+C,+C,+C, 1,+u+0, C,+C,+C,+C,

By substituting the parameter values in table 4, we obtained the final sensitivity indices
of each parameter on the basic reproduction number of chickenpox as follows

Table 3: Table of sensitivity Indiceson R ;

Parameter Value
ﬂA 0.226565
B 0.640672
B, 0.132762
o 0.000587
o -0.049694
7, -0.226345
2 -0.717105
5A -0.000680
J; -0.007379
0, -0.016296
P -0.419420
0 -0.864636
0 0.118443
7 -0.135396
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Figure 2: Sensitivity Bar chart of the Chickenpox model

From the sensitivity analysis above, we observed that parameters with positive
sensitivity indices which includes £, B, [, and & with positive sensitivity indices will
increase the burden of chickenpox in the human population. Whereas, parameters with
negative sensitivity indices which includes o, «, 7,, d,, ¢ will reduce the prevalence

and burden of chickenpox in the human population.

Table 4: Parameter table of values

Symbol Value Unit Source

0.6 er da 18

B, per day [18]

B 1.2 per day [25]
0.8 er da 20

B, per day [20]

o 1/15 per day [1]

o 0.05 dimensionless [21]

7, 1/7 per day [23]

75 1/10 per day [29]

T, 1/14 per day [22]

P 0.8 dimensionless [27]

d, 0.0001 per day [19]

3 0.001 per day [26]

J, 0.01 per day [28]

o 0.005 per day [33]

0 0.002 per day [31]

£ 1/(10%365) per day [24,30]

H 1/(70%365) per day [32]
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A 0.02xN per day | [31,33] |

4.8. Numerical Simulation of Chickenpox

;

10k A -y i
= i
=] c H
= 2 :
2 N i
=] g_ H
o =]
@ =%
@ ah-th s
__E -
= ]
@ w
2 o
= e
5 o
w i
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Time (days) Time (days)
a. Effect of varying ﬂs on susceptible b. Effect of varying ﬂs on Exposed
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Figure 3
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P R v 5= (05

R R

Asymptom atically infected humans
Symptotically infectious Population

[} 10 20 20 40 50 a0

a
Time (days) Time (days)
a. Effect of varying ﬂs on 7, b. Effect of varying ﬂs on 7
Humans Humans
Figure 4
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From Figure 3a, it is observed that increasing the vaccination rate reduces the population
of susceptible humans due to the high efficacy of the Chickenpox vaccine. This indicates
that more individuals in the population become less susceptible to the disease through
consistent efforts to enhance vaccination strategies. A fraction of susceptible individuals
who refuse vaccination progress to the exposed class, as reflected in the gradual increase
in the exposed population shown in Figure 3b. However, due to the highly infectious
nature of the Chickenpox virus, exposed individuals gradually transition into either
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symptomatic or asymptomatic infectious classes, depending on their immunity levels. The
subsequent decrease in the exposed population aligns with the observed increases in
Figures 4a and 4b. To effectively curb the spread of the disease, symptomatic infectious
individuals are isolated from the general population and moved into isolation centers, as
depicted by the steady rise in Figure 5a. This measure reduces transmission via human-
to-human contact. Isolated individuals are further transferred to treatment facilities for
proper medical care, as shown by the increase in Figure 5b. Effective medical attention in
this treatment class facilitates the recovery of infected individuals, as evidenced by the
rising population of recovered individuals in Figure 6a. The vaccinated population also
increases, as shown in Figure 6b, due to the vaccination of susceptible individuals.
However, the waning efficacy of the Chickenpox vaccine, explains the decrease observed
in the same figure over time.

The cumulative new cases of Chickenpox represent the total number of individuals who
have contracted the disease within a specific period, aggregated from the beginning of an
epidemic or observation. This metric provides a comprehensive count of all new
infections, accounting for every instance when a susceptible individual transitions to an
infected state after exposure to the virus. From Figure 7b, it is evident that an increase in
the contact rate between susceptible and symptomatically infected individuals leads to a
rise in cumulative new cases. Conversely, Figures 7a, 8a, and 8b show that increasing the
vaccination rate of susceptible individuals (V), the isolation rate of infected individuals (

Vis), and the treatment rate of isolated infected individuals significantly decreases the

cumulative new cases of the disease.

CONCLUSION

This study provides a comprehensive analysis of the transmission dynamics of
chickenpox through the development and application of a mathematical model that
incorporates key epidemiological compartments, including susceptible, exposed,
asymptomatic infectious, symptomatic infectious, isolated, treated, recovered, and
vaccinated individuals. The model successfully captures the complexity of disease spread
and highlights the interactions between different population groups and intervention
strategies. Through stability analysis and equilibrium characterization, the study
establishes a solid theoretical foundation for understanding the conditions under which
chickenpox can either be eradicated or persist within a population. These analytical
results provide important insights into the threshold conditions required for effective
disease control. The sensitivity analysis and numerical simulations reveal that
vaccination, isolation, and treatment are critical determinants of the epidemic trajectory.
In particular, high vaccination coverage significantly reduces the susceptible population,
thereby limiting the potential for outbreaks. Similarly, timely isolation of infectious
individuals plays a vital role in interrupting transmission chains, while effective
treatment reduces the duration and severity of infection. The results also emphasize that
failure in any of these control measures can lead to increased transmission and possible
endemicity. The observed trends in the vaccinated and treated compartments underscore
the importance of sustained investment in healthcare systems, including vaccination
programs and treatment facilities. Overall, this study highlights that an integrated
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approach combining vaccination, isolation, and treatment is essential for minimizing the
spread and impact of chickenpox and for improving public health outcomes.

Based on the findings of this study, several recommendations are proposed to enhance
the control and prevention of chickenpox. There is a need for intensified public health
education and awareness campaigns to inform individuals about the importance of
vaccination, early detection, isolation, and proper treatment. Such campaigns should
emphasize the safety and effectiveness of the chickenpox vaccine and encourage timely
immunization, particularly among children and high-risk groups. In addition,
governments and health authorities should ensure that vaccination programs are
accessible, affordable, and widely implemented, including school-based immunization
initiatives and targeted interventions in underserved communities. Addressing vaccine
hesitancy through culturally sensitive and evidence-based communication strategies is
also crucial. Moreover, strengthening healthcare infrastructure is essential to support
efficient diagnosis, isolation, and treatment of infected individuals. This includes training
healthcare personnel on best practices in chickenpox management and ensuring the
availability of adequate medical resources. Effective isolation protocols should be
reinforced to limit person-to-person transmission, while comprehensive treatment
strategies should be implemented to reduce complications and speed up recovery.
Additionally, robust surveillance systems should be established to monitor disease
trends, assess intervention effectiveness, and identify high-risk populations for targeted
action. Community engagement and collaboration among stakeholders including
healthcare providers, policymakers, and researchers are vital for implementing
sustainable and evidence-based interventions. Finally, strong governmental support and
policy frameworks are necessary to integrate chickenpox prevention into broader public
health strategies, ensuring long-term sustainability and improved preparedness against
future outbreaks.

References
[1] Centers for Disease Control and Prevention. (2024). C/inical overview of

chickenpox (varicella).
https://www.cdc.gov/chickenpox/hcp/clinical-overview /index.html

[2] World Health Organization. (2023). Varicella (chickenpox): Key facts.
https://www.who.int/news-room/fact-sheets/detail /varicella-(chickenpox)

[3] Marra, Fanny, Parhar, Kanwar, Huang, Bing, and Vadlamudi, Nandini K. (2023).
Global prevalence of varicella-associated complications: A systematic review and
meta-analysis. /nfectious Diseases and Therapy, 12(1), 1-15.
https://link.springer.com/article/10.1007 /s40121-023-00899-7

[4] Bardsley, Martin, Morbey, Rebecca A., Hughes, Helen E., Harcourt, Stephen E,,
Smith, Gillian E., and Elliot, Andrew J. (2023). The epidemiology of chickenpox in
England, 2016-2022: An observational study. Epidemiology and Infection, 151,
e120.

© 2025 Global Publication House | Int. Journal of Mathematics 48


https://www.cdc.gov/chickenpox/hcp/clinical-overview/index.html
https://www.who.int/news-room/fact-sheets/detail/varicella-(chickenpox)
https://link.springer.com/article/10.1007/s40121-023-00899-7

Compartmental Model for Chickenpox Transmission

https://www.cambridge.org/core/journals/epidemiology-and-
infection/article/epidemiology-of-chickenpox-in-england

[5] Franczak, Joanna, Mrozek-Budzyn, Dorota, and Kwiecien, Jolanta. (2024). Has
COVID-19 affected the course of chickenpox in children? A retrospective
observational study. Viruses, 16(12), 1912.
https://www.mdpi.com/1999-4915/16/12 /1912

[6] Ogunjimi, Benson, Van Damme, Pierre, and Beutels, Philippe. (2019). Herpes
zoster risk reduction through exposure to chickenpox patients: A systematic
multidisciplinary review. PLoS ONE, 14(6),e0218219.
https://journals.plos.org/plosone/article?id=10.1371/journal.pone.0218219

[7] Lopez, Adriana S., Marin, Mona, and Seward, Jane F. (2019). Varicella vaccine
effectiveness and duration of protection: A systematic review and meta-analysis.
Pediatrics, 144(3), €20191310.
https://publications.aap.org/pediatrics/article/144/3/e20191310

[8] Wodi, A. Patrick, Murthy, Nandini, Bernstein, Henry H., McNally, Victoria V.,
Wallace, Megan, and MacNeil, Jessica R. (2024). Epidemiology and prevention of
vaccine-preventable diseases (Varicella). CDC Pink Book.
https://www.cdc.gov/pinkbook/hcp /table-of-contents/chapter-22-
varicella.html

[9] Leung, Jessica, Harpaz, Rafael, Molinari, Nicole-Aline, Jumaan, Aisha O., and Zhou,
Fangjun. (2020). Herpes zoster incidence among insured persons in the United
States, 2010-2018: Impact of varicella vaccination. Clinical Infectious Diseases,
71(12),3010-3017.
https://academic.oup.com/cid/article/71/12/3010

[10]  Breuer, Judith, Pacou, Mireia, Gauthier, Alain, and Brown, Michael M. (2019).
Herpes zoster as a risk factor for stroke and myocardial infarction: A
retrospective cohort study. Clinical Infectious Diseases, 69(3), 444-450.
https://academic.oup.com/cid/article/69/3 /444

[11] El-Mesady, A., & Ali, H. M. (2024). The influence of prevention and isolation
measures to control the infections of the fractional chickenpox disease model.
Mathematics and Computers in Simulation, 226, 606-630.
https://www.sciencedirect.com/science/article/abs/pii/S0378475424002854

[12] Adepoju, O. A, Ibrahim, H. O., Adetunji, ]. A., & Olanrewaju, S. 0. (2024).
Chickenpox childhood disease: An insight from mathematical modelling.
International Journal of Mathematics and Computer Research, 12(12), 4670-
4678.
https://ijmcr.in/index.php/ijmcr/article/view/826

© 2025 Global Publication House | Int. Journal of Mathematics 49


https://www.cambridge.org/core/journals/epidemiology-and-infection/article/epidemiology-of-chickenpox-in-england
https://www.cambridge.org/core/journals/epidemiology-and-infection/article/epidemiology-of-chickenpox-in-england
https://www.mdpi.com/1999-4915/16/12/1912
https://journals.plos.org/plosone/article?id=10.1371/journal.pone.0218219
https://publications.aap.org/pediatrics/article/144/3/e20191310
https://www.cdc.gov/pinkbook/hcp/table-of-contents/chapter-22-varicella.html
https://www.cdc.gov/pinkbook/hcp/table-of-contents/chapter-22-varicella.html
https://academic.oup.com/cid/article/71/12/3010
https://academic.oup.com/cid/article/69/3/444
https://www.sciencedirect.com/science/article/abs/pii/S0378475424002854
https://ijmcr.in/index.php/ijmcr/article/view/826

[13]

[14]

[17]

[18]

[19]

[20]

Compartmental Model for Chickenpox Transmission

Okafor, C. E., Ibrahim, M., & Lawal, A. (2024). Mathematical modeling of
chickenpox transmission using the Laplace Adomian decomposition method.
Results in Control and Optimization, 15, 100436.
https://www.sciencedirect.com/science/article /pii/S2666720724000663

Anwar, M. N,, Smith, L., Devine, A., Mehra, S., Walker, C. R., Ivory, E., Conway, E.,
Mueller, I., McCaw, . M., Flegg, ]. A., & Hickson, R. I. (2023). Mathematical models
of Plasmodium vivaxtransmission: A scoping review. arXiv.
https://arxiv.org/abs/2309.00274

Anwar, M. N., Smith, L., Devine, A., Mehra, S., Walker, C. R,, Ivory, E., Conway, E.,
Mueller, I., McCaw, J. M., Flegg, ]. A., & Hickson, R. I. (2023). Advances in malaria
transmission modeling and implications for control strategies. arXiv.
https://arxiv.org/abs/2309.00274

Kumar, P., Vellappandi, M., Khan, Z. A, Sivalingam, S. M., Kaziboni, A., &
Govindaraj, V. (2023). A case study of monkeypox disease in the United States
using mathematical modeling with real data. Mathematics and Computers in
Simulation.
https://www.sciencedirect.com/science/article/abs/pii/S0378475423002707

Meharry, L. P., Oshinubi, K., Olaniyi, S., & Alade, T. (2024). Exploring the
dynamics of monkeypox transmission with data-driven methods and a
deterministic model. Frontiers in Epidemiology, 4, 1334964.
https://www.frontiersin.org/articles /10.3389 /fepid.2024.1334964 /full

Anderson, R. M., May, R. M., & Anderson, B. (1985). Vaccination and herd
immunity to infectious diseases. Nature, 318(6044), 323-329.
https://doi.org/10.1038/318323a0

Bonanni, P., Breuer, ]., Gershon, A., Gershon, M., Hryniewicz, W., Papaevangelou,
V., .. & Wutzler, P. (2009). Varicella vaccination in Europe - taking the practical
approach. BMC Medicine, 7, 26. https://doi.org/10.1186/1741-7015-7-26

Brisson, M., Edmunds, W. ]., & Gay, N. J. (2001). Varicella vaccination: Impact of
vaccine efficacy on the epidemiology of VZV. Journal of Infectious Diseases,
183(7),1123-1130. https://doi.org/10.1086 /319272

Chaves, S. S., Gargiullo, P., Zhang, ]. X,, Civen, R,, Guris, D., Mascola, L., & Seward, ].
F. (2004). Loss of vaccine-induced immunity to varicella over time. New England
Journal of Medicine, 356(11),1121-1129.
https://doi.org/10.1056 /NE]M0a064040

Galil, K., Brown, C,, Lin, F., Seward, ]., & others. (2002). Hospitalizations for
varicella in the United States. Pediatrics, 109(5), 906-910.
https://doi.org/10.1542 /peds.109.5.906

Gershon, A. A, Takahashi, M., & Seward, |. F. (2008). Varicella vaccine. In
Vaccines (5th ed.). Elsevier. https://doi.org/10.1016/B978-1-4160-3611-
1.50038-8

© 2025 Global Publication House | Int. Journal of Mathematics 50


https://www.sciencedirect.com/science/article/pii/S2666720724000663
https://arxiv.org/abs/2309.00274
https://arxiv.org/abs/2309.00274
https://www.sciencedirect.com/science/article/abs/pii/S0378475423002707
https://www.frontiersin.org/articles/10.3389/fepid.2024.1334964/full
https://doi.org/10.1038/318323a0
https://doi.org/10.1186/1741-7015-7-26
https://doi.org/10.1086/319272
https://doi.org/10.1056/NEJMoa064040
https://doi.org/10.1542/peds.109.5.906
https://doi.org/10.1016/B978-1-4160-3611-1.50038-8
https://doi.org/10.1016/B978-1-4160-3611-1.50038-8

[24]

[25]

[28]

[29]

[30]

[31]

Compartmental Model for Chickenpox Transmission

Hambleton, S., Gershon, A. A, & Steinberg, S. P. (2008). Clinical and
epidemiological aspects of varicella. Journal of Infection, 57(Suppl 1), S27-S32.
https://doi.org/10.1016/j.jinf.2008.08.003

Hope-Simpson, R. E. (1965). The nature of herpes zoster: A long-term study.
Proceedings of the Royal Society of Medicine, 58(1), 9-20.
https://www.ncbi.nlm.nih.gov/pmc/articles/PMC1898271/

Marin, M., Giiris, D., Chaves, S. S., Schmid, S., & Seward, ]. F. (2007). Prevention of
varicella: Recommendations of the Advisory Committee on Immunization
Practices (ACIP). MMWR Recommendations and Reports, 56(RR-4), 1-40.
https://www.cdc.gov/mmwr/preview/mmwrhtml/rr5604al.htm

Mikaeloff, Y., Caridade, G., Suissa, S., & Tardieu, M. (2008). Hepatitis B vaccine
and the risk of CNS inflammatory demyelination in childhood. Neurology, 71(3),
196-201. https://doi.org/10.1212/01.wnl.0000316917.45049.a1

Nguyen, H. Q., Jumaan, A. O., Seward, |. F., & others. (2005). Decline in mortality
due to varicella after implementation of vaccination in the United States. New
England Journal of Medicine, 352(5), 450-458.
https://doi.org/10.1056/NE]M0a042271

Seward, J. F., Watson, B. M,, Peterson, C. L., Mascola, L., Pelosi, ]. W.,, Zhang, |. X, ...
& Wharton, M. (2002). Varicella disease after introduction of varicella vaccine in
the United States. JAMA, 287(5), 606-611.

https://doi.org/10.1001 /jama.287.5.606

World Bank. (2023). Population, total.
https://data.worldbank.org/indicator/SP.POP.TOTL

World Health Organization (WHO). (2014). Varicella and herpes zoster vaccines:
WHO position paper. https://www.who.int/publications/i/item /WER8949

United Nations Population Division. (2022). World population prospects 2022.
https://population.un.org/w

Ziebold, C., von Kries, R, Lang, R., Weig], ]., & Schmitt, H. ]. (2001). Severe
complications of varicella in previously healthy children in Germany. Pediatric
Infectious Disease Journal, 20(5), 471-474. https://doi.org/10.1097/00006454-
200105000-00007

© 2025 Global Publication House | Int. Journal of Mathematics 51


https://doi.org/10.1016/j.jinf.2008.08.003
https://www.ncbi.nlm.nih.gov/pmc/articles/PMC1898271/
https://www.cdc.gov/mmwr/preview/mmwrhtml/rr5604a1.htm
https://doi.org/10.1212/01.wnl.0000316917.45049.a1
https://doi.org/10.1056/NEJMoa042271
https://doi.org/10.1001/jama.287.5.606
https://data.worldbank.org/indicator/SP.POP.TOTL
https://www.who.int/publications/i/item/WER8949
https://population.un.org/wpp/
https://doi.org/10.1097/00006454-200105000-00007
https://doi.org/10.1097/00006454-200105000-00007

