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Abstract

This research investigates the Lie-derivative and Berwald covariant derivatives
of the conformal curvature tensor in the generalized fifth recurrent Finsler space.
The study focuses on the mathematical properties and interrelations of these ten-
sors, exploring the behavior of the conformal curvature tensor under various differ-
ential operators, including the Lie derivatives and Berwald covariant derivatives.
This paper builds upon the definition for the conformal curvature tensor under
the Lie derivative in generaralized 8K —fifth recurrent Finsler space. We study
the relations between the mentioned curvature tensors and R;kh by Lie-derivative.
The Lie-derivative for the conformal curvature tensor Cjjx, and The fifth-order
Berwald covariant derivatives are mutually commutative. In addition, we prove
that the conformal curvature tensor Cjjx, behaves as a fifth recurrent under certain
conditions. In conclusion, We demonstrate that applying the fifth-order Berwald
covariant derivative to the Lie derivative of the curvature scalar R is vanishing.

Subject Classification: 53B40, 53C60, 83C20.
Keywords: Lie-derivative L,,, Conformal curvature tensor Cjj, Generalized B K —fifth
recurrent Finsler space.

1 Introduction and Preliminaries

The fundamental tensor and curvature tensors play a central role in describing the in-
trinsic geometry of Finsler spaces and their behavior under various transformations and
covariant derivatives. Among these tensors, the conformal curvature tensor is particu-
larly important as it characterizes conformal properties of the space and generalizes the
Weyl tensor from Riemannian geometry, providing insight into the invariance of geometric
structures under conformal change.
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The relationships between various curvature tensors in generalized Finsler spaces of
different orders have been investigated by several authors. Abdallah [1] studied the rela-
tionship between two curvature tensors in Finsler spaces, while Abdallah and Hardan [2]
clarified the relation between the tensors Pf;k and R?j i under two third-order connections.
Moreover, AL-Qashbari et al. [7] discussed extensions and developments of generalized
B K-recurrent Finsler spaces. The fundamental concepts and recent developments of
Finsler geometry, including curvature structures, were also presented in [3].

Furthermore, Ahsan and Ali [5] investigated several relationships between the -
curvature tensor and other curvature tensors, including the conformal, conharmonic,
and concircular curvature tensors. Several important theorems concerning curvature
tensors were also obtained in [9, 10, 14]. In addition, Opondo and Gouin [12, 13, 15, 16]
studied the Lie derivative in recurrent and birecurrent spaces and examined some of
its geometric properties. Various tensor identities were also established in GBK-5RF,
using Lie derivatives in [8]. The present work is devoted to investigating the differential
properties of the conformal curvature tensor in generalized fifth-order recurrent Finsler
spaces by means of Lie and Berwald covariant derivatives.

Let us explore a generalized B K —fifth recurrent Finsler space satisfying the relations[6]:

1

%s%q%l%n%m R:kh = [%s%q%l%n%moijkh (1)

rj
1
+§%s%q%l%n%m ( giRjn + ginRir — ginRjx — g Rin)
R
+B,8,5,5,8,, [E (Gingjr — gikgjh)H
%s%q%l%n%mR;‘kh = a/sqlnmR;‘kh + bsqlnm ((%Lg]k - 6114 gjh) (2)

— Csqinm (0,Ciwn — 04 Cinn) — dsqinm (6,Cit — 6}, Cint)
— Esglnm (5;LCjkq - 5]2 thq) - 2bqlnmyr%r (520]]{8 - 5]2 ths)

%s%q%l%n%ijﬂch = 6qulnijfk:h (3)
%s%q%l%n%mRﬂf = asqlnijk (4)
if and only if
BB, BB, B (CTl) — et (€)= 0 )
bsginm (Gnr9ik — Grr9in) — 20gmm¥y" By (9nrCiks — gurClins) (6)

— Csqinm (9nfClkn — GkrCinn) — dsginm (GrnfCiki — GrfCin)
— esqinm (9n1Cirg — 9rfCing) + BBy B1B,B,,(Cj 5 Hyy,)
— Gsginm (CjgeHyp) = 0

(n - 1)[bsqlnm 9jk — 2bqlnm yr%rcjks - qulnijkn - dsqlanjkl (7)
_6sqlnijkq] + %s%q%l%n%m(cftHItcu) - asqlnm(c;';H]iu> = 07
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respectively.

A conformal curvature tensor Cjjr, (known as Weyl conformal curvature tensor) is

described as [5]:

1 R
Rijin = Cijrn + B (g Rjn + ginRir. — ginRjr. — gjrRin) + 6 (9ingjx — Girgin) - (8)
The non-zero metric tensor g;; and Kronecker delta 4} satisfy the relations [11]
. 1if j=k
ik k )
) 959" = 9] {Oiijék. (9)
b) 5t = n.

The associate curvature tensor R;jp, of Rékh and the curvature scalar R are given by
a) Rijkn = 9rj Ripp, and b) Rjkgjk = R. (10)

A Finsler space in which the Berwald connection parameter G&, does not depend on
the directional coefficients 3" is known as an affinely connected space [4]. Therefore, the
affinely connected space is defined by one of the equivalent conditions [18, 19]

a) Bgi; =0 and b) Brg” = 0. (11)

Using Eq. [(11)a] in Eq. [(1)] and taking the Lie-derivative of the result equation, we
have

1
L,(B:5,8,8,8,, R, =

[Lv(iBs%q‘Bl‘anBmCijkh) (12)

gT]

1
+§Lv[%s’3q’3l’3n%m ( giRjn + ginRik — 9in Rk — gjuRin)]

R
+Lv %s%q%l%n%m[ g (gihgjk - gikgjh) ]:| ]
1
9rj

[(%s%q%l%n%m Rz‘rkh)ngTj]‘

The Lie - derivative of a general mixed tensor field T}, is given by [20]

LTy = 0" BTy — T Bt + Ty B 0™ + Ty, Bro™ (13)
‘I‘j—;km%hvm + GmT;kh‘Br"Umyr.

The Lie- derivative of the metric tensors g;; and g are vanishing [8, 17]
a) L,g;; = 0. and b) L,g”7 = 0. (14)

The Berwald derivative of non-zero contravariant vector v™, is vanishing
Bv™" = 0. (15)

The primary objective is to investigate the behavior of the conformal curvature ten-
sor under various differential operators and to establish connections with other curvature
tensors, particularly Cartan’s third curvature tensor. This paper examines the confor-
mal curvature tensor in the framework of GBK — 5RF,,, employing Lie-derivatives and
Berwald covariant derivatives to derive new relations and results.
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2 Main Results

Certain properties and relationships between the conformal curvature tensor and other
tensors in GBK — bRF,, are analyzed through the Lie derivative in the main findings.

Theorem 2.1 In GBK — 5RF,,, the Berwald covariant derivative of the fifth order
for the conformal curvature tensor Cijrp is given by

1
%s%q%l%n%mcﬁkh = %s%q%l%n%m[Rijkh - 5 (gikth + gthik - gijih)

— 0= 3)gu ). (16)

Proof. Taking the Lie - derivative of Eq. (8) and using Eqgs. [(10)b], (1.13), [(14)a,b]
and (15), we get

1
L,.Cijkrn = v"[BnRijkn — 3 (9itBmRin + 9inBmRir — ginBm Rk — 9jxBmRin)
1 .
5 (gingix — gixgin) & Bm Rjxl.

Using Eqgs. [(9)a,b] in above equation, we get

1
L,Cijkn, = " [BmRijkn — 5 (9itBmRjin + 9inBmRik — 9jxBmRin)

1
—g(n —3)ginBmRji).
Using Eqgs. (13), (15) and [(11)a] in above equation, we get

1 1
B, Cijin = B[ Rijkn — 5 (i Rjn + gjnRir — gjiRin) — 6(71 — 3)ginR;i).

Taking Berwald covariant derivative of fourth order for above equation with respect to
2", 2!, 27 and 2%, we get (16).

Theorem 2.2 In GBK —5RF,, the Lie-derivative for the conformal curvature tensor
Cijkn and the Berwald covariant derivative of the fifth order are commutative if and only
if £q.(20) holds.

Proof. Taking the Lie - derivative of Eq. (8), we conclude
1
LyRijkn, = Ly,Cijin + §Lv (it Rjn + ginRir — ginRjx — gjiRin)

R
+L, 3 (9ingjk — Gikgjn)

Taking Berwald covariant derivative of fifth order for above equation with respect to ™,
2", 2!, 29 and 2°, we get

%s%q%l%n%m(LvRijkh> = %s%q%l%n%m(l;vcijkh)
1
+§%s‘3q‘3l‘3n‘3m[m (it Rjn + ginRi — gin Rk — gjiRin)

R
+%s%q%l%n%m[/v E (gihgjk - gikgjh)
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Using Eq. [(10)a] in above equation, we get

BB, BB, B, (L,Cijrn) = BsB,B,8,8,,(L,(9-; Riyp,)) (17)
1
_§%s%q%l%n%m[m (giRjn + ginRir — 9inRji — ginRan)

R
_%s%q%l%n%m[/v E (gihgjk - giijh) .

Using Egs. [(11)a] and [(14)a] in Eq. (12), we get

LU(‘BS%q%Z%n‘BmCZ-jkh) = Lv[%s%q%l%n%m(grjﬂ’;kh)] (18)
1
—éLy [B:B,B/B,,B,, (g Rjn + gjnRir — ginRjx — gjxRin)]

R
_Lv %s%q%l%n%m[g (gihgjk - gzkg]h)] .

In view of Eqgs. (17) and (18), we get
%s%q%l%n%m(lﬁ)cﬁkh) = Lv(%s%q%l%n%mcﬁkh) (19)
if and only if

%S%q%l%n%m([fv (gr]R:kh)) (20)
1
—5 BB, BB, B L (9 Rjn + g0 Rit — gnRje — 951 Ran)

R
—B.8,5,5,8,,L, [g (Gingjr — gz’kgjh):| = L,[B:B,5:8,B,,(9-; Rip)]
1
—§LU[%s%q‘Bl‘Bn%m (gikRjn + ginRir. — ginRji — ginRin)]

R
—L, {%s%q%l%n%m[g (gihgjk - gikgjh)}} .
Therefore, equation (19) refers to required.

Theorem 2.3 In GBK — 5RF,,, the Lie-deriwative is distributive on the addition of
Berwald covariant derivative of the fifth order for Rl,, and Cijy, is given by

Ly[BB¢Bi B0 B (R, + Cijin)] = Lo(BsB¢BiBn B Riyy) (21)
+L,(B:B,B:B,8,,Cijkn)

if and only if Eq. (24) holds.
Proof. Adding Cartan’s third curvature tensor R}, of Eq. (8), we obtain

1
Ry + Rijkn = Ri, + Cijen + 5 (gixRjn + gjnRir — ginRjx — gjiRin)
R
5 (Gingjx — GixGin) -
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Taking Berwald covariant derivative of fifth order for above equation with respect to ™,
2", 2!, 29 and x°, we get

BB,B,B, B, (R, + Rijin) = B:B¢B18,B,,. (Rl + Cijin)
1
+§%s%q%l%n%m (giRjn + gjnRir — 9inRjr — gjiRin)
R
+%S%q%l%n%m[€ (Gingjx — 9ixgin))-

Taking the Lie-derivative of above equation, we get

L, [%s%q%l%n%m(}%@h + Cijkh)] = L, [%s%q%l%n%M(R;kh + Rijkh)] (22)

1
_§Lv [B:B,B:8B,, B, (9ix Rjn + gjnRir — ginRjx — gj1Rin)]

R
—L, %S%q%l%n%m[g (9ingjx — Gikgin)]

Now, adding Eq. (12) with Eq. (18) and using Eq. [(14)a], we get

LU(%s%q%l%n%mR;kh) + L’U(%S%q%l%n%mowkh) (23)
1
— g_LU(%S%q%l%n%mCijkh)
rj

1 1
+§(g_ — 1) Ly[B:B,B,B,B,, (girRjn + gjn ik — gin ik — gjnLin)]
rj

| R
= DLy | BB BBuBuly (gingk — gacdin)]
rJ

+L, [%S%q%l%n%m(grjR;kh)]~
In view of Eqs. (22) and (23), we get (23) if and only if

1
L, [%S%Q%Z%H%W(R;kh —+ Rijk’h)] = _'Lv(%s%q%l%n%mcijkh) (24)

rj
1 1
+§(;)Lv [B:B,B:8B,,B,, (g Rjn + gjnRir — ginRjx — gjxRin)]
rj
1 R .
+<g_)LU %s%q%l%n%m[g (gihgjk - g'LkQJh)] + Lv[%s%q%l%n%m(grjRikh)]-
rj

This proof is complete.

Theorem 2.4 In GBK —5REF,, the conformal curvature tensor Cyjip, behaves as fifth
recurrent [provided Eqs. (27), (6) and (7) hold).

kgmh and using Eq. [(9)a], we get

Proof. Transvecting Eq.(8) by the non-zero tensor g
Cijkn = Rijin. (25)

Using Eqs.(3), (4) and [(11)a] in Eq. (16), we get

1
BB, BB, B8,.Cijkhn = Qsqinm|Rijin — 5 (gikRjn + gjnRir — gjiRin)

1
—6(” — 3)ginRji].
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Or
BB, BB,.°8,,Cijin = Usqinm Rijin (26)
if and only if
1 1
Asginm g(n —3)gin R + 3 (9iRjn + gjnRir — g Rin) | = 0. (27)

Using Eq. (25) in Eq. (26), we get
s:Bs%q%l%n%mcfijkh = asqlnmcijkha (28)

Therefore, we get the required.

Now we focus on important corollaries derived from previous theories. In view of Eq.
(16), we have

BB, B:B,8,,Cijin = BsBB1B,B,, Rijin (29)

if and only if

1 1
B:B,5,5,°5,, g(n — 3)ginRjk + 3 (it Rjn + ginRir — gjeRin)| = 0. (30)
Thus, we get

Corollary 2.5 In GBK — 5RF,,, the Berwald covariant derivative of the fifth order
for the conformal curvature tensor Cij, and the associate curvatur tensor R;ji, are equal
if and only if Eq. (30) holds.

Using Eqs. [(11)a] and [(14)a] in Eq. (18), we get

L,(B:sB,8:8,8,,Cijkn) = 9rj Lo[BsB BB, B (Rp)) (31)
if and only if
1
iLv[%s%q%l%n%m (9iRjn + ginRir — ginRji — gjiRin)] (32)
R
+L, %s%q%l%n%m[g (Gingjk — Gikgjn)|| = 0.

Therefore, we conclude

Corollary 2.6 In GBK — 5RF,,, the Lie-derivatives of Berwald covariant derivative
of the fifth order for the conformal curvature tensor Cijr, and R, are co-directional

[provided Eq. (32) holds].
Using Eqs. (2),[(9)a] and [(14)a] in Eq (12), we get
1

Lv(asqlnmR;kh) = Lv(%s%q%l%n%mcijkh)

7]

1
+§Lv[%s%q%l%n%m ( giRjn + gjnRik — 9in Rk — gjuRin)]

R
+Lv {%s%q%l%n%m[g (gihgjk - gzkg]h)]:| i| .

(©) 2026 GPH — International Journal of Math — Vol 9 No 05 (2026) — Page 30 of 33



Differential Properties of the Conformal Curvature Tensor in Fifth-Recurrent Finsler Space: A Lie and Berwald Approach

Or

1
(@sqinm grj)
+%Lv[%s%q%l%n%m ( gixRjn + gjnRix — ginRjx — gjuRin)]
1

Ly(Ryy,) = L,(5B:8,8/8,8,,Cijkn) (33)

R
+Lv %s%q%l%n%m[ E (gihgjk - gik:gjh) ]:| :| - nghLv(asqlnm)a

sqglnm

if and only if Eq (3) holds. Thus, we conclude

Corollary 2.7 In G®BK —5RF,, the Lie-derivative for Rl is given by Eq (33) [pro-
vided Eq (3) holds].

Transvecting Eq.(8) by the tensor ¢/, and using Eqs. [(9) a] and (25), we get
9 Ring”™ — ginRjrg’™ = 0.

Contracting the indices m and h in above equation and using Eqgs. [(9) a] and [(10)b],
we get

Now, taking the Lie-derivative of above equation and using [(14)a], then taking Berwald
covariant derivative of fifth order for result equation with respect to ™, z", !, 29 and

x* and using Eq. [(11)a], we get
BB, BB, B,,(L,R) =0. (34)
Thus, we infer

Corollary 2.8 In G'BK — bRF,,, the Berwald covariant derivative of the fifth order
of the Lie derivative for the curvature scalar R is vanishing.

3 Conclusion

This study investigated the relationships between Cartan’s third curvature tensor R;kh
and other curvature tensors, especially conformal curvature tensor, by the Lie derivative
in G'BK — 5RF,. Furthermore, we proved that the conformal curvature tensor Cjjis,
behaves as a fifth recurrent under certain conditions in the main space by using the Lie
derivative. In future, We expand this work by using the Lie-derivative in generalized n'"
recurrent Finsler space in Berwald and Cartan senses.
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