
GPH-International Journal of Mathematics
(Online ISSN 3050-9645)

Volume 09 — Issue 05 — May 2026
Published by Global Publication House

DOI: https://doi.org/10.5281/zenodo.20558308
Available online at www.gphjournal.org

Journal homepage: https://gphjournal.org/index.php/m/index

Differential Properties of the Conformal Curvature Tensor in
Fifth-Recurrent Finsler Space: A Lie and Berwald Approach

Adel M. Al-Qashbari 1, Alaa A. Abdallah 2∗ & Saeedah M. Baleedi 3

1Department of Engineering, Faculty of Engineering & Computing
University of Science and Technology, Aden, Yemen

2Department of Mathematics, Dr. Babasaheb Ambedkar Marathwada University,
Aurangabad 431004, India

2,3Department of Mathematics, Education Faculty - Zinjibar, Abyan University, Abyan,
Yemen

Abstract

This research investigates the Lie-derivative and Berwald covariant derivatives
of the conformal curvature tensor in the generalized fifth recurrent Finsler space.
The study focuses on the mathematical properties and interrelations of these ten-
sors, exploring the behavior of the conformal curvature tensor under various differ-
ential operators, including the Lie derivatives and Berwald covariant derivatives.
This paper builds upon the definition for the conformal curvature tensor under
the Lie derivative in generaralized BK−fifth recurrent Finsler space. We study
the relations between the mentioned curvature tensors and Ri

jkh by Lie-derivative.
The Lie-derivative for the conformal curvature tensor Cijkh and The fifth-order
Berwald covariant derivatives are mutually commutative. In addition, we prove
that the conformal curvature tensor Cijkh behaves as a fifth recurrent under certain
conditions. In conclusion, We demonstrate that applying the fifth-order Berwald
covariant derivative to the Lie derivative of the curvature scalar R is vanishing.

Subject Classification: 53B40, 53C60, 83C20.
Keywords: Lie-derivative Lv, Conformal curvature tensor Cijkh, Generalized BK−fifth
recurrent Finsler space.

1 Introduction and Preliminaries

The fundamental tensor and curvature tensors play a central role in describing the in-
trinsic geometry of Finsler spaces and their behavior under various transformations and
covariant derivatives. Among these tensors, the conformal curvature tensor is particu-
larly important as it characterizes conformal properties of the space and generalizes the
Weyl tensor from Riemannian geometry, providing insight into the invariance of geometric
structures under conformal change.
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The relationships between various curvature tensors in generalized Finsler spaces of
different orders have been investigated by several authors. Abdallah [1] studied the rela-
tionship between two curvature tensors in Finsler spaces, while Abdallah and Hardan [2]
clarified the relation between the tensors P h

ijk and Rh
ijk under two third-order connections.

Moreover, AL-Qashbari et al. [7] discussed extensions and developments of generalized
BK-recurrent Finsler spaces. The fundamental concepts and recent developments of
Finsler geometry, including curvature structures, were also presented in [3].

Furthermore, Ahsan and Ali [5] investigated several relationships between the W -
curvature tensor and other curvature tensors, including the conformal, conharmonic,
and concircular curvature tensors. Several important theorems concerning curvature
tensors were also obtained in [9, 10, 14]. In addition, Opondo and Gouin [12, 13, 15, 16]
studied the Lie derivative in recurrent and birecurrent spaces and examined some of
its geometric properties. Various tensor identities were also established in GBK-5RFn

using Lie derivatives in [8]. The present work is devoted to investigating the differential
properties of the conformal curvature tensor in generalized fifth-order recurrent Finsler
spaces by means of Lie and Berwald covariant derivatives.

Let us explore a generalizedBK−fifth recurrent Finsler space satisfying the relations[6]:

BsBqBlBnBm Rr
ikh =

1

grj

[
BsBqBlBnBmCijkh (1)

+
1

2
BsBqBlBnBm ( gikRjh + gjhRik − gihRjk − gjkRih)

+BsBqBlBnBm

[R
6
(gihgjk − gikgjh)

]]

BsBqBlBnBmR
i
jkh = asqlnmR

i
jkh + bsqlnm

(
δihgjk − δik gjh

)
(2)

− csqlnm
(
δihCjkn − δik Cjhn

)
− dsqlnm

(
δihCjkl − δik Cjhl

)
− esqlnm

(
δihCjkq − δik Cjhq

)
− 2bqlnmy

rBr

(
δihCjks − δik Cjhs

)
BsBqBlBnBmRjfkh = asqlnmRjfkh (3)

BsBqBlBnBmRjk = asqlnmRjk (4)

if and only if

BsBqBlBnBm(C
i
jtH

t
kh)− asqlnm(C

i
jtH

t
kh) = 0 (5)

bsqlnm (ghfgjk − gkfgjh)− 2bqlnmy
rBr (ghfCjks − gkfCjhs) (6)

− csqlnm (ghfCjkn − gkfCjhn)− dsqlnm (ghfCjkl − gkfCjhl)

− esqlnm (ghfCjkq − gkfCjhq) +BsBqBlBnBm(CjftH
t
kh)

− asqlnm
(
CjftH

t
kh

)
= 0

(n− 1)[bsqlnm gjk − 2bqlnm yrBrCjks − csqlnmCjkn − dsqlnmCjkl (7)

−esqlnmCjkq] +BsBqBlBnBm(C
u
jtH

t
ku)− asqlnm(C

u
jtH

t
ku) = 0,
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respectively.

A conformal curvature tensor Cijkh (known as Weyl conformal curvature tensor) is
described as [5]:

Rijkh = Cijkh +
1

2
(gikRjh + gjhRik − gihRjk − gjkRih) +

R

6
(gihgjk − gikgjh) . (8)

The non-zero metric tensor gij and Kronecker delta δih satisfy the relations [11]

a) gijg
ik = δkj =

{
1 if j = k,

0 if j ̸= k.
(9)

b) δii = n.

The associate curvature tensor Rijkh of Ri
jkh and the curvature scalar R are given by

a) Rijkh = grj R
r
ikh and b) Rjkg

jk = R. (10)

A Finsler space in which the Berwald connection parameter Gi
kh does not depend on

the directional coefficients yi is known as an affinely connected space [4]. Therefore, the
affinely connected space is defined by one of the equivalent conditions [18, 19]

a) Bkgij = 0 and b) Bkg
ij = 0. (11)

Using Eq. [(11)a] in Eq. [(1)] and taking the Lie-derivative of the result equation, we
have

Lv(BsBqBlBnBm Rr
ikh) =

1

grj

[
Lv(BsBqBlBnBmCijkh) (12)

+
1

2
Lv[BsBqBlBnBm ( gikRjh + gjhRik − gihRjk − gjkRih)]

+Lv

[
BsBqBlBnBm[

R

6
(gihgjk − gikgjh) ]

] ]
− 1

grj
[(BsBqBlBnBm Rr

ikh)Lvgrj].

The Lie - derivative of a general mixed tensor field T i
jkh is given by [20]

LvT
i
jkh = vmBmT

i
jkh − Tm

jkhBmv
i + T i

mkhBjv
m + T i

jmhBkv
m (13)

+T i
jkmBhv

m + ∂̇mT
i
jkhBrv

myr.

The Lie- derivative of the metric tensors gij and gij are vanishing [8, 17]

a) Lvgij = 0. and b) Lvg
ij = 0. (14)

The Berwald derivative of non-zero contravariant vector vm, is vanishing

Bjv
m = 0. (15)

The primary objective is to investigate the behavior of the conformal curvature ten-
sor under various differential operators and to establish connections with other curvature
tensors, particularly Cartan’s third curvature tensor. This paper examines the confor-
mal curvature tensor in the framework of GBK − 5RFn, employing Lie-derivatives and
Berwald covariant derivatives to derive new relations and results.
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2 Main Results

Certain properties and relationships between the conformal curvature tensor and other
tensors in GBK − 5RFn are analyzed through the Lie derivative in the main findings.

Theorem 2.1 In GBK − 5RFn, the Berwald covariant derivative of the fifth order
for the conformal curvature tensor Cijkh is given by

BsBqBlBnBmCijkh = BsBqBlBnBm[Rijkh −
1

2
(gikRjh + gjhRik − gjkRih)

−1

6
(n− 3)gihRjk]. (16)

Proof. Taking the Lie - derivative of Eq. (8) and using Eqs. [(10)b], (1.13), [(14)a,b]
and (15), we get

LvCijkh = vm[BmRijkh −
1

2
(gikBmRjh + gjhBmRik − gihBmRjk − gjkBmRih)

−1

6
(gihgjk − gikgjh) g

jkBmRjk].

Using Eqs. [(9)a,b] in above equation, we get

LvCijkh = vm[BmRijkh −
1

2
(gikBmRjh + gjhBmRik − gjkBmRih)

−1

6
(n− 3)gihBmRjk].

Using Eqs. (13), (15) and [(11)a] in above equation, we get

BmCijkh = Bm[Rijkh −
1

2
(gikRjh + gjhRik − gjkRih)−

1

6
(n− 3)gihRjk].

Taking Berwald covariant derivative of fourth order for above equation with respect to
xn, xl, xq and xs, we get (16).

Theorem 2.2 In GBK−5RFn, the Lie-derivative for the conformal curvature tensor
Cijkh and the Berwald covariant derivative of the fifth order are commutative if and only
if Eq.(20) holds.

Proof. Taking the Lie - derivative of Eq. (8), we conclude

LvRijkh = LvCijkh +
1

2
Lv (gikRjh + gjhRik − gihRjk − gjkRih)

+Lv

[
R

6
(gihgjk − gikgjh)

]
.

Taking Berwald covariant derivative of fifth order for above equation with respect to xm,
xn, xl, xq and xs, we get

BsBqBlBnBm(LvRijkh) = BsBqBlBnBm(LvCijkh)

+
1

2
BsBqBlBnBmLv (gikRjh + gjhRik − gihRjk − gjkRih)

+BsBqBlBnBmLv

[
R

6
(gihgjk − gikgjh)

]
.
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Using Eq. [(10)a] in above equation, we get

BsBqBlBnBm(LvCijkh) = BsBqBlBnBm(Lv(grjR
r
ikh)) (17)

−1

2
BsBqBlBnBmLv (gikRjh + gjhRik − gihRjk − gjkRih)

−BsBqBlBnBmLv

[
R

6
(gihgjk − gikgjh)

]
.

Using Eqs. [(11)a] and [(14)a] in Eq. (12), we get

Lv(BsBqBlBnBmCijkh) = Lv[BsBqBlBnBm(grjR
r
ikh)] (18)

−1

2
Lv[BsBqBlBnBm (gikRjh + gjhRik − gihRjk − gjkRih)]

−Lv

[
BsBqBlBnBm[

R

6
(gihgjk − gikgjh)]

]
.

In view of Eqs. (17) and (18), we get

BsBqBlBnBm(LvCijkh) = Lv(BsBqBlBnBmCijkh) (19)

if and only if

BsBqBlBnBm(Lv(grjR
r
ikh)) (20)

−1

2
BsBqBlBnBmLv (gikRjh + gjhRik − gihRjk − gjkRih)

−BsBqBlBnBmLv

[
R

6
(gihgjk − gikgjh)

]
= Lv[BsBqBlBnBm(grjR

r
ikh)]

−1

2
Lv[BsBqBlBnBm (gikRjh + gjhRik − gihRjk − gjkRih)]

−Lv

[
BsBqBlBnBm[

R

6
(gihgjk − gikgjh)]

]
.

Therefore, equation (19) refers to required.

Theorem 2.3 In GBK − 5RFn, the Lie-derivative is distributive on the addition of
Berwald covariant derivative of the fifth order for Rr

ikh and Cijkh is given by

Lv[BsBqBlBnBm(R
r
ikh + Cijkh)] = Lv(BsBqBlBnBmR

r
ikh) (21)

+Lv(BsBqBlBnBmCijkh)

if and only if Eq. (24) holds.

Proof. Adding Cartan’s third curvature tensor Rr
ikh of Eq. (8), we obtain

Rr
ikh +Rijkh = Rr

ikh + Cijkh +
1

2
(gikRjh + gjhRik − gihRjk − gjkRih)

+
R

6
(gihgjk − gikgjh) .
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Taking Berwald covariant derivative of fifth order for above equation with respect to xm,
xn, xl, xq and xs, we get

BsBqBlBnBm(R
r
ikh +Rijkh) = BsBqBlBnBm(R

r
ikh + Cijkh)

+
1

2
BsBqBlBnBm (gikRjh + gjhRik − gihRjk − gjkRih)

+BsBqBlBnBm[
R

6
(gihgjk − gikgjh)].

Taking the Lie-derivative of above equation, we get

Lv[BsBqBlBnBm(R
r
ikh + Cijkh)] = Lv[BsBqBlBnBm(R

r
ikh +Rijkh)] (22)

−1

2
Lv[BsBqBlBnBm (gikRjh + gjhRik − gihRjk − gjkRih)]

−Lv

[
BsBqBlBnBm[

R

6
(gihgjk − gikgjh)]

]
.

Now, adding Eq. (12) with Eq. (18) and using Eq. [(14)a], we get

Lv(BsBqBlBnBmR
r
ikh) + Lv(BsBqBlBnBmCijkh) (23)

=
1

grj
Lv(BsBqBlBnBmCijkh)

+
1

2
(
1

grj
− 1)Lv[BsBqBlBnBm (gikRjh + gjhRik − gihRjk − gjkRih)]

+(
1

grj
− 1)Lv

[
BsBqBlBnBm[

R

6
(gihgjk − gikgjh)]

]
+Lv[BsBqBlBnBm(grjR

r
ikh)].

In view of Eqs. (22) and (23), we get (23) if and only if

Lv[BsBqBlBnBm(R
r
ikh +Rijkh)] =

1

grj
Lv(BsBqBlBnBmCijkh) (24)

+
1

2
(
1

grj
)Lv[BsBqBlBnBm (gikRjh + gjhRik − gihRjk − gjkRih)]

+(
1

grj
)Lv

[
BsBqBlBnBm[

R

6
(gihgjk − gikgjh)]

]
+ Lv[BsBqBlBnBm(grjR

r
ikh)].

This proof is complete.

Theorem 2.4 In GBK−5RFn, the conformal curvature tensor Cijkh behaves as fifth
recurrent [provided Eqs. (27), (6) and (7) hold].

Proof. Transvecting Eq.(8) by the non-zero tensor grkgmh and using Eq. [(9)a], we get

Cijkh = Rijkh. (25)

Using Eqs.(3), (4) and [(11)a] in Eq. (16), we get

BsBqBlBnBmCijkh = asqlnm[Rijkh −
1

2
(gikRjh + gjhRik − gjkRih)

−1

6
(n− 3)gihRjk].
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Or

BsBqBlBnBmCijkh = asqlnmRijkh (26)

if and only if

asqlnm

[
1

6
(n− 3)gihRjk +

1

2
(gikRjh + gjhRik − gjkRih)

]
= 0. (27)

Using Eq. (25) in Eq. (26), we get

BsBqBlBnBmCijkh = asqlnmCijkh, (28)

Therefore, we get the required.

Now we focus on important corollaries derived from previous theories. In view of Eq.
(16), we have

BsBqBlBnBmCijkh = BsBqBlBnBmRijkh (29)

if and only if

BsBqBlBnBm

[
1

6
(n− 3)gihRjk +

1

2
(gikRjh + gjhRik − gjkRih)

]
= 0. (30)

Thus, we get

Corollary 2.5 In GBK − 5RFn, the Berwald covariant derivative of the fifth order
for the conformal curvature tensor Cijkh and the associate curvatur tensor Rijkh are equal
if and only if Eq. (30) holds.

Using Eqs. [(11)a] and [(14)a] in Eq. (18), we get

Lv(BsBqBlBnBmCijkh) = grjLv[BsBqBlBnBm(R
r
ikh)], (31)

if and only if

1

2
Lv[BsBqBlBnBm (gikRjh + gjhRik − gihRjk − gjkRih)] (32)

+Lv

[
BsBqBlBnBm[

R

6
(gihgjk − gikgjh)]

]
= 0.

Therefore, we conclude

Corollary 2.6 In GBK − 5RFn, the Lie-derivatives of Berwald covariant derivative
of the fifth order for the conformal curvature tensor Cijkh and Rr

ikh are co-directional
[provided Eq. (32) holds].

Using Eqs. (2),[(9)a] and [(14)a] in Eq (12), we get

Lv(asqlnmR
r
ikh) =

1

grj

[
Lv(BsBqBlBnBmCijkh)

+
1

2
Lv[BsBqBlBnBm ( gikRjh + gjhRik − gihRjk − gjkRih)]

+Lv

[
BsBqBlBnBm[

R

6
(gihgjk − gikgjh)]

] ]
.

© 2026 GPH — International Journal of Math — Vol 9 No 05 (2026) — Page 30 of 33



Differential Properties of the Conformal Curvature Tensor in Fifth-Recurrent Finsler Space: A Lie and Berwald Approach

Or

Lv(R
r
ikh) =

1

(asqlnm grj)

[
Lv(BsBqBlBnBmCijkh) (33)

+
1

2
Lv[BsBqBlBnBm ( gikRjh + gjhRik − gihRjk − gjkRih)]

+Lv

[
BsBqBlBnBm[

R

6
(gihgjk − gikgjh) ]

] ]
− 1

asqlnm
Rr

ikhLv(asqlnm),

if and only if Eq (3) holds. Thus, we conclude

Corollary 2.7 In GBK− 5RFn, the Lie-derivative for Rr
ikh is given by Eq (33) [pro-

vided Eq (3) holds].

Transvecting Eq.(8) by the tensor gjm, and using Eqs. [(9) a] and (25), we get

gikRjhg
jm − gihRjkg

jm = 0.

Contracting the indices m and h in above equation and using Eqs. [(9) a] and [(10)b],
we get

gikR = 0.

Now, taking the Lie-derivative of above equation and using [(14)a], then taking Berwald
covariant derivative of fifth order for result equation with respect to xm, xn, xl, xq and
xs and using Eq. [(11)a], we get

BsBqBlBnBm(LvR) = 0. (34)

Thus, we infer

Corollary 2.8 In GBK − 5RFn, the Berwald covariant derivative of the fifth order
of the Lie derivative for the curvature scalar R is vanishing.

3 Conclusion

This study investigated the relationships between Cartan’s third curvature tensor Ri
jkh

and other curvature tensors, especially conformal curvature tensor, by the Lie derivative
in GBK − 5RFn. Furthermore, we proved that the conformal curvature tensor Cijkh

behaves as a fifth recurrent under certain conditions in the main space by using the Lie
derivative. In future, We expand this work by using the Lie-derivative in generalized nth

recurrent Finsler space in Berwald and Cartan senses.
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