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Abstract

The main objective of this article is concerned with existence and uniqueness of the positive
solutions for a coupled system of second-order boundary-valued differential equations, which
the boundary conditions are coupled by integrals. For that one, the solutions are related to
Green’s functions and represented by integral equations and so that, we used a cone
compression and expansion fixed point theorem applied to a completely continuous operator,
as seen in Guo, D. and Lakshmikant V (1988).
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1. Introduction.

This research analyzes a system of nonlinear ordinary differential equations, with regard to
the existence of positive solutions and uniqueness of solutions. Evidently, different methods
can be developed from this perspective, which can provide a deterministic solution or
perform a simulation that demonstrates its geometric behavior or apply approximation
techniques. One of the problems studied, from which several results have been obtained, is
the system of two second-order ordinary differential equations. Several researchers, such as
Asif et al. (2010) and Asif and Khan (2012), have demonstrated the existence of positive
solutions, depending on the characteristics imposed on the boundary conditions. In this sense,
this paper consists of considering the system of second-order differential equations in the
form:

x"(t) + a, (O)x' () + by (Ox(t) + f1(t, x(®),y(®)) =0 ,t € (0,1)
€]
y"'(6) + az(0)y' @) + b, Oy (@) + f,(t,x(@),y(©) =0 ,t € (0,1)
With the boundary conditions

1 1

20 = [ yda(® ,y©) = [ x@dp® @)
0 0
x(1) =0 , y(1) =0 3)

Where a y S8 are continuous on the right on [0,1), left continuous att = 1, and non decreasing

on [0,1], with @(0)=8(0)=0, where | u(s)da(s) and

[ (s)B(s) denote Riemann Stieltjes’s integrals of u with respect to a and 8. Beyond that, we
have

f e C((0,1) x [0,+0) X (0,400),[0,+00)),

g € € ((0,1) x (0, +00) x [0, +), [0, +0)) For the case in two variables one can have the
system given in Cortez, M., Quique, J. (2023). We can rewrite (1),(2),(3) like a system of

first order differential equations such as in Cassius Vinicius Casaro, Diego Marcio
Gonzaga, Marco Rogério da Silva Richetto Katia, Celina da Silva Richetto.(2022)

2. Materials and methods

Let E be a Banach space, a hon-empty convex subset K of E is a cone, if satisfies the
following conditions

1).Fore K, A >0,then Ax € K

2).IfxeK , —x€K,thenx =0.
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Let E and F be normed spaces over the field K, IfT: E — Fis a linear operator. Then we have
(a) T is compact if, and only if, for every bounded set ACE it follows that (A) is relatively
compact.

(b) If (B(0,1)) is relatively compact, then T is compact.
(c) If T is compact, then T is bounded.

Compression and expansion fixed point theorem (see Guo, D. and LakshmikantV
(1988).)

Let K be a cone and Q;, Q,be two open and bounded subsets of a Banach space E, such that
0€Q,,0, c Qand T:K N (Q,\Q; ) — K acompletely continuous operator. Suppose that
one of the conditions holds

CD) [|ITull < |lull, Yu € K n 0Q and||Tul| = ||lull, Vu € K n dQ,
or
C2) [ITull = |lull, Yu € K n dQ and||Tul| < ||lull, Vu € K n9Q,

Then T has at least one fixed point inK n (Q,\Q,).We reacall that a distribution over (0,1), is
a linear and continuous functional in C;°(0,1) (infinitely differentiable functions with
compact support in (0,1)) and represented by(T, ¢).We denote the set of distributions by
D'(0,1). A fundamental solution of an ordinary differential equation Lu = fis when it can be
obtained by solving Lu = &. Where § is Dirac’s distribution. This article focuses the systems
of ordinary differential equations mentioned above (1)-(3), which will be rewritten by

changing the variable.

1t 1t
u(t) = e 1 Ox() | v(e) = ezl =%y (r)

Choosing the coefficients appropriately a, (t), b1 (t), a,(t)yb,(t) , it yields

—u"'(t) = f(t,u(®),v(t))
@)
—v"(t) = g(t,u(t),v(t))
u(l) =0, v()=0 , (5)
1 1
u(0) = j 01(0) v(©)da(®) , v(0) = j GO u®dpE)  (6)
0 0
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1

1t t
Where, 0,(t) = e 2l aa(Dat , o(t)=e 200 2204t e asume that g, ,0, € L2(0,1)

3. The main result

Before proving the main result, we consider some hypotheses

H1) For f € ¢°((0,1) x [0, +0) X (0, +), [0, +0)) it holds that f(t,u,v) is increasing
with respect tou and decreasing with respect tov, moreover, there exists A,, u; € [0,1) such

that vu,v >0 and a € (0,1) one has

aM f(t,u,v) < f(t, au,v) (7)
f(t,u,av) < a M f(t,u,v) (8)
0< [ f(t,1,1 - t)dt < +o 9)

Consequence 1: Fora > 1 we have

f(t,au,v) <atrf(t,u,v) ,vuv>0,f(t,uv) <a*f(t,u,av) ,Vu,v>0.In fact,1/

a € (0,1) consecuently de (7) se tiene:

(1/)Mf(tu,v) < f(t%u, v) = f(t,u,v) < ahf (t,%u,v) = f(t,au,v)

< aMf(t,u,v)
In the same way, f (t, u, g) < (1/a)yMf(t,u,v) = f(t,u,v) < a*1f(t,u,av)

Consequence 2: 0 < folf(t, 1—t,1)dt < +oo.In fact, by using(7), lettingu=1—-t ,v =

1,weobtainf(t,1 —t,1) < a1 f(t,a(l1—-1t),1) )

On the other hand, by the relation (8), lettingu = a(1 —t) ,av = 1, it yields
fta—6),1) <a*f(ta(l-1),2).Sincea(1-6) <1 = > (1-1),

f is increcreasing in the second variable and decreasing in the third variable, we obtain
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f(t,a(l—1t),1) <aMf (t, a(l - t),%) <aMf(,1,1-t) (i)

So that, from (i) and (i) f(t,1—t,1) < a M f(t,a(1 —t),1) < aMa P f(t, 1,1 —t)

Consequently, by integrating from 0 to 1 and taking into account (6) we have
1 1
0< ff(t, 1—t1)dt < a‘@ﬁ“ﬂjf(t, 1,1 — t)dt < +oo
0 0

Analogously, for g € €°((0,1) x (0, 4w) X [0, +0), [0, +)it verifies

g(t, u,v)is decreasing with respect to u and increasing in v, moreover, there exists

Az tp € [0,1) suchthat Vu,v >0 and a € (0,1) it yields

a*2g(t,u,v) < g(t,u,av) (10)
g(t,au,v) < a H2g(t,u,v) (11D
0< [ g(t,1—t,1)dt < +oo (12)

Consequence 3: For a > 1we have g(t,u, av) < a*2g(t,u,v) ,Vu,v >0

In fact, 1/a € (0,1) consequently de (10)

v v
(1/a)*2g(t,u,v) < g (t, u,a) = g(t,u,v) < a'zg (t, u,a) = g(t,u, av)

< at2g(t,u,v)

Applying (11).We have g (t,%,v) < (1/a)*2g(t,u,v) =

1
gt,u,v) <atz2g(t,au,v) = 0< fg(t, 1,1 —t)dt < 4o
0
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H2) I, = [ (1= Doy da(®) , & = [;(1 ~ Do(D dB() ,wehave & >0, & >0,
andé =1 —¢&;.& > 0. We know that —u"(t) = 6(t —s) with u(0)=0, u(1)=0

Has a solution u(t)as being the Green function G (t, s)
G(ts)—{(l_s)t’ 0<t<s<1
ol s(1-t), 0<s<t<1

We apply Duhamel’s principle to each differential equation of the system (4)-(6):

—u"(t) = f(t,u(t),v(t)), u(0) =0, u(l) =0 , so that

u(t) = fol G(t,s) f(s,u(s),v(s))ds. On the other hand

—u"(t) =0,u(0) = fol o, () v(t)da(t) ,u(1) = 0,u(t) = (1 — t)u(0), therefore

1

u() = (1 — Hu(0) + j G(t,s) F(s,u(s), v(s))ds  (13)

0

1

v(t) = (1 -t)v(0) + f G(t,s) g(s,u(s),v(s))ds (14)

0

By simplicity of notation. Letting, p(s) = f(s,u(s),v(s)) ,q(s) = g(s,u(s), v(s)).Now,
we find an integral representation of the differential system (4)-(6), Multiplying the functions
obtained in the relationships (13),(14)byo, (t)andao;, (t)respectively, by integrating with
respect todB (t)and da(t)from 0 to 1.We have

1 1 1 1
f 02 (O w(OdB(E) = u(0) f (1 - ) 0()dB(E) + j o2 (0) ( j G(t,s) p(s)ds> S0
0 0

0 0

fol o, (t) v(t)da(t) = u(0) fol(l —t) oy (t)da(t) + fol o, () (fol G(t,s) p(s)ds) da(t).l ndeed

1 1 1
v(0) — u(0) f(l —t) o, (D) = f 02(t) (_[ G(t,s) P(S)dS> dp(t)
0 0

0

u(0) — v(0) f, (1 — ) oy (Dda(®) = J, 01(8) (J, G(t,5) q(s)ds) dar(t) . Hence

(6 1)) lo 2 (I 6P PO |
L =8/ WwO) oy ) (J) 66 s) q(s)ds ) da(o)

&=[1-0a®dalt) , &= [/(1—1t)a,(t)dE(t), with determinant § = 1 — £,&, # 0
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f 0 < [e@s p(s)ds> dﬁ(t)\

Y

i 1 01 I

\ f al(t)< G(t s)q(s)ds> da(t) /
0

f 1
u(0) = ?Of az(t)< G(t s)p(s)ds | dB(t) +€f01(t) (!G(t s)q(s)ds) da(t) (15)

(vioy) - U :

v(0)=1f a,(t) fG(t s)p(s)ds d/?(t)+§2 o, (t) fG(t,s) q(s)ds |da(t) (16)
: RV

Applying Fubini’s Theorem to (15) ,(16) and substituting to the equations (13) and(14), it yields

1 1 1
(I;t)fq(s) <f 0, (O)G(t,5) da(t)) ds+fa(t,s)p(s)ds
0 0

1

1
u( =2 _;)51 f p(s) ( f 6, (DG(t,5) dﬂ(t)>ds +

0 0 0

u(t) = f Uyt s) p(s)ds + f U,(t, ) q(s)ds a7
0 0
Where
(-0 | -0 [
Uyt s) = 1_; . f 6, (G (6,5) dB(E) + G (&, 5), Ut 5) = =9 f o1 ()G (¢, 5) da(t)
0 0

1 1 1 1
1- 1-—
v(t) =( 7 t)bfp(s) (bf az(t)G(t,s)dﬁ(t)>ds+(f%!q(s)<of al(t)G(t,s)da(t)>ds +

1
+ | G(t,5)q(s)ds
/

1 1
V(t) = f Vy(t,5) p(s)ds + f Vy(t,s) g(s)ds (18)
0 0

Vi(ts) = & t)f 6,()G(t,5) dB(E), V,(t,s) = t)fzf o1 ()G (t,s) da(t) + G(t,s).LetE =

€ ([0,1])be the vector space of continuous functions on[0,1]with the norm||u|| = ({E%'u(m ,

which is a Banach space. Consider the set

K={(wv)€EXE ; ul®),v®) =n1 -l v)ll,t€[0,1]}

Where [|(w, )ll; = max{llull, llvl},n = € [0,1].
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it e & (o o
v—mln{f Oft(l t)o,(t) dﬁ(t),E Oft(l t)o, (t) da(t),foft(l t)o,(t) dB(t),

E f t(1l =)o, (t) da(t)}
60

1 1 1 1
1 1
p = max {% [ewa+1.2 [a0da© + 1z [ e a0 [0 da(t)}
0 0 0 0
Kis a non-empty closed convex set of E X E. LetK, = K\{0},C,([0,1]) c E The space of non-
negative continuous functions on[0,1].We know that Green’s functions satisfies

G(t,5).G(t,s) =t(1—-t)s(1—5) <G(t,s) <t(1—-t)o s(1—5)) (19)

We have some estimates

Ui(t,s) < ps(1—s) (o t(1—1)) ., _
E1l) {Vi(t' s)<ps(1—s) (o t(1-10))’ i=1.2 (20)
Ui(t,s) 2v(1—t)s(1—s) .
2 {Vi(t' D=v(l-ts(l—s) = b2 (21)

f(tu(®),v(®) < atbbf(t, 1,1 —t)

=) {g(t'u(t).v(t)) < a’2bt2g(t,1—1t,1) (22)
Ui(t,s) =2 n(1 -U;(t,s) . _

E4) {Vi(t, ) =q(l-0Vi(rs) =2 (23)
U;(t,s) =n(1- t)Vi_(_l)i(T, s) _
{Vi(t, ) 201 - OV ims) "' 12 (24)

In fact, for E1, by using the inequality (19) in U, (t, s)

(1-0¢,
£

1
Uy (t,5) = f 0, (DGt 5) dB(D) + Gt 5) <
0

1

1
< %faz(t)s(l —5)dp() +s(1—s) =s(1—s) %jo_z(t) dt) +1| <s(1 —s)p
0

0

Ui(t,s) <s(1—s)p

(1-

Ul(tl S) = vf

1 1
V8, f a,(t)G(t,s)dB(t) + G(t,s) < %} a,(O)t(1 —t)dp(t) +t(1—1t)
0 0

Sincet <1y 1—t <1,wehavelU,(t,s) < fol o,()dp)+ (1 -t)<(1-t)p =

(1-0)¢,
£
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U,(t,s) < (1-1t)p.Inthe same way forV;(t,s). ForE2, by using the inequality (19) enU, (¢, s)

1

(1-1¢ f o,(t)G(t,s) dB(t) + G(t,s) =
0

Ul(t, S) =

1

f oDt —Hs1 —s)dBO)+t(1—t)s(l—s) =
0

> (1-1)¢
¢

1

f oMt —HdpO+t(1—t) =
0

_(1-9sA =94
<

1

f a,(Ot1—0dBt) =1 —-t)s(1—=s)yv=U(t,s) =1 —-t)s(1 —s)v
0

S 1- t)S(; —-5)&

With the same arguments, one verifies the other estimates of E2).
ForE3) Let(u, v) € K, ,a > 1such that||(w, v)|l; <a = u(®),v(t) =91 - O)ll(u, vl

From consequence 1, and since f is increasing in the second variable and decreasing in
the third variable, we have

ft,u®),v(t)) < ft,a,n(1 — Ol ;) < ahift, 1,71 = Ol v)l;)

Once again, because f is decreasing in the third variable

atif(t,1,n(1 — Dl v)lly) < aif(e, 1’;7(1 — t)(lll o U)HI) =

f(tu@®),v®) < arf (t, L na=n (|1|(u, v)||1) iy <t, ,a - t))

Where b = a/n||(u, v)|l; , from consequence 1, (t,u, v) < b"1f(t,u, bv), letting

v = uﬁ%”in the inequality, we obtain

fleu@®),v(t)) < ahf (t, 1,%) < atb"f(t, 1,1 —t) . Analogously, it holds

1-0
b

g(tu®),v(®)) < atzg (t, ,1) < a’2b*2g(t,1-t,1)

For E4) and E5). We use the estimate E2) and E1) respectively for obtaining
Ui(t,s) =v(1 —t)s(1—5s) = pn(1 —t)s(1 —s) = n(1 —t)U;(t,s)

Ui(t,s) =2v(1l —t)s(1 —s) =pn(1 —t)s(1 —s) =n(1 — t)Vi_(_l)i(t, s)
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Let T: K, — Kbe the operator defined byT (u, v) = (T1 (u,v), T, (u, v)) (25)
Where, The operators T;: K, — C,([0,1]), are defined for each i = 1,2 by

1 1

T, (w,v)(t) = fUl(t, s) f(s,u(s),v(s))ds +fV1(t,s) g(s,u(s),v(s))ds (26)

0 0
T, (u, v)(t) = fUz(t,s)f(s,u(s),v(s))ds +sz(t,s)g(s,u(s),v(s))ds (27)
0 0

Proposition 1. T: K, — Kgiven byT(u,v) = (T1 (u, v), T, (u, v))is well definedonK, .

Proof. Let(u, v) € K,,of the estimate (20) for eachi = 1,2to the following operator

1 1

T;(u,v)(t) = fUi(t, s) f(s,u(s),v(s))ds +jVi(t,s) g(s,u(s),v(s))ds <

0 0

< pjf(s,u(s),v(s)) ds+p j g(s,uls),v(s))ds
0 0

Now, using the estimate (22), in the previous inequality, we obtain

1 1

T,(u,v)(t) < pf at1bff(s, 1,1 —s) ds + pf a’2bt2g(s,1—s,1)ds < 4
0 0

LetB,(0) = {(u,v) € K;||(u,v)||; < r}the open ball inK , of center in zero and radiusr > 0.

Proposition 2. Let0 < r < R . The operator T: Bz (0)\B,(0) — K verifiesT (Bz(0)\B,(0)) K .

Proof. Let(u, v) € Bg(0)\B,(0), for everyt € [0,1], by using(23)

1 1
T, (u,v)(t) = fUl(t, s) f(s,u(s), v(s))ds + f Vi(t,s) g(s,uls),v(s))ds =
0 0
1 1
> fn(l —-tU,(t,9) f (s,u(s),v(s))ds + fn(l -V (x, s)g(s,u(s),v(s))ds =
0 0

=n(1 — )T, (u,v)(1) , paratodo T € [0,1] = T, (u,v)(t) = n(1 — )|IT,(w, v)||. From (24)

1 1
T, (u,v)(t) = fUl(t, s) f(s,u(s), v(s))ds + f Vi(t,s) g(s,u(s),v(s))ds =
0 0
> fn(l -tV (1,9)f (s,u(s),v(s))ds + fn(l — U,(t, s)g(s,u(s),v(s))ds =
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=n(1 — t)T,(u,v)(1) ,paratodo T € [0,1] = T,(w,v)(t) = n(1 — )||T,(w,v)|| =
Ty (w,v)() = n(1 = OI(T (w,v), T,(w,v)) |, T, w,v)(®) = n(1 = OI(T,(w,v), T,(w,v)) Il

Then, by definition ofk = T(w,v) = ((T,(w,v), T,(w,v)) €K, thatis,T (BR(O)\BT(O)) cK.
Proposition 3. Let0 < r < R. T: Bg(0)\B,(0) — Kis a continuous operator.
Proof. It is enough to show thatT;, T,: Bg(0)\B,.(0) — C,([0,1])are continuous operators.

Let{(u,, v,)Ineny € Br(0)\B,(0)be a sequence, such that(u,,v,) — (u,v) € Br(0)\B,(0) =

||(un,vn)—(u,v)||1 _)0 ] n— oo
Ty (Un, v,) () — Ty (w, v)(8) = j Uy (t, s) f(5,up (s), v, (5))ds + j Vi (t,s) g(s,un(s), v, (s))ds —
0 0

1

—f U,(t,s) f(s,u(s),v(s))ds — j Vi (t, s)g(s,u(s),v(s))ds =
0

0

1

= [ 0,65 (5150 w0 9) = (5.0, v0)) s

0

1
+J Vi(t,s) [g(s, u, (s), vn(s)) — g(s,u(s),v(s))]ds
0

Hence, of the estimate E1, it yields|T; (u,, v,)(t) — T, (u, v) (t)| <

1 1

< f P 1F(5,un(), 9 ()) = £(s,u(s), () s + f 0 19(5,1,(5), v(5)) — g5, u(s), v(s)) | ds

0 0

LetM = sup{||(w, v) |1, [|(uy, ) 3 nen, then, there exists a positive constant a > 0 such that

M/a < 1, lettingb = a/nr. By using the estimate E3 with constants a and b

Aty
|f(s, Uy (5), 7, (5)) —f(s,u(s),v(s))| < Za'llbﬂlf(s, 1,1-5s) = oK f(s,1,1—5)
Aty
|9 (5,1 (), 1, () — g(s,u(s), v(s))| < Wg(s, 1-s51)

Since(uy, v,) , (u, v) € Br(0)\B,(0). We can choose 0 < § < 1/2,r > 0, such that
U, (t) = nré ,v,(t) = nrd, u(t) =nrd , v(t) = nré,forallt € [§,1 — §]. Because

f(s, u(s), v(s)) ,g(s,u(s), v(s))is uniformly continuous on[§, 1 — 8] X [nré8, R] X [nrd, R],s0
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Tim [£(5,2n (), v (5)) = £ (5,u(s), v($))| = 0, lim | g (5, un (5), va () = g (s, u(s), v(s))| = 0

Uniformly on s € [§,1 — 6], From the Lebesgue dominated convergence theorem it follows that
1_
!

Foreverye > 0y 0 < § < 1/2from the hypotheses (H1) (7) and(10).

)

|f(s, un(s),vn(s)) - f(s, u(s),v(s))| ds — O,I |g(s, u,(s), vn(s)) — g(s,u(s), v(s))l ds — 0

8

aliti
|f(s, u,(s), vn(s)) - f(s,u(s), v(s))| ds < f Wf(s, 1,1—-s)ds <¢e/4
[0,6]u[1-6,1] [0,6]u1-6,1]
aqlatiz
|g(s, u,(s), vn(s)) - g(s,u(s),v(s))| ds < (e g(s,1—s5,1)ds<e/4
[0,6]u[1-6,1] [0,6]u[1-8,1]

For everye > 0 , V3 n, € Nsuch thatn > n,we have
1—
sf

= ||T,(u,, v,) — T, (u,v)|| < &.T;(u,v) is a continuous operator. With the same arguments it shows

8

|f(s, 1, (5),v,(s)) = f(s,u(s), v(s))| ds < s/4,f |g(s, 1, (5), v, (s)) — g(s,u(s), v(s))l ds < g/4
5

8

that T, (u, v) is a continuous operatoronBg (0)\B,-(0).

Proposition 4. Let0 < r < R . T: Bx(0)\B,.(0) — Kis a compact operator.

Proof. LetB © Bi(0)\B,-(0)be a bounded subset, it must be shown thatT (B) is relatively compact.

Assertion 1 :T'(B) is uniformly bounded.
SinceB © Bg(0)\B,(0)is a bounded subset, = 3 M > 0, such that||(u, v)|l; < M,V(u,v) € B

Then, by the Proposition 1, fora = M ,b = M /nr and eachi = 1,2 ,we obtain

A1+ 1]\/[)~1"'I«¢1
,1,1 —s)ds +
) Gy 1= 650 |

T,(uw,v)(t) <p g(s,1—5,1)ds =

M/-{1+,u1 1 1
ZPW ff(s,l,l—s)ds+fg(s,1—s,1)ds
0 0

Once again from (H1)(7) and (10) applied to the two integrals , we deduce that

A1+

(nr)ta

C <

Ti(uiv)(t) < p C = ||Tl(ulv)|| S C li = 1l2 lv (ul v) € B =

T (u,v)||, = 1ma)§||Ti(u, v)|| £ C = T(B) is uniformly bounded.
<i<
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Assertion 2 :T(B) is an equicontinuous operator. We proveT;(u, v) has a bounded derivative.

1 1

T,(u,v)(t) = f U,(t,s) f(s,u(s),v(s))ds + f V,(t,s) g(s uls), v(s))ds

By substitutingU, (t,s) andV,(t, s),we obtain

1 1
T\ () () =% f f 0, (DG(,5) dB(D) £(5,us), v(s))ds +
00

t f G(t,5) £(5,u(s), v(s))ds + - 2 f f 0, (DG, s) dac(®) (5 u(s), v(s))ds
0 00
By the definition of Green’s functionG (¢, s)
f G(t,s) f(s, u(s),v(s))ds = f s(1—1t) f(s,u(s),v(s))ds + j t(1—ys) f(s,u(s), v(s))ds

Deriving with respect to the variable tand by Leibnitz’s rule, we have

t 1

<f G(t,s) f(s, u(s),v(s))ds) =— f Sf(S, u(s),v(s))ds + f(l —5) f(s,u(s),v(s))ds

Then, deriving of the same way the operator T, (u, v)(t) with respect to t.

t

11
T () (0) =% f f 0,(DG(¢,5) dB(O) £(5,u(s), v(s))ds — f s £(5,u(s), v(s))ds
00

0

1

11
f (1 =) £(5,u(s), v(s))ds - é f f 0, (DG, s) da() g(s,u(s), v(s))ds
00

t

Taking the absolute value on both sides of the equality, and applying Fubini

1 1 t
I, v) ()] < 2 f £(5,u(s), v(s))ds f o, (DG (L 5) dB(E) + j s (5,u(s), v(s))ds +
E 0 0 0
1 1 1
+ !(1 —5) f(s, u(s), v(s))ds + ?Of g(s,u(s),v(s))dsbf 0, (t)G(t,s) da(t)

Sinced; y g,are functioins of L*(0,1) , there are positive constantsc; y cysuch that

1 1

jaz(t)G(t, s)dp(t) <c, , fal(t)G(t, s)da(t) < ¢

0 0
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from (H1) (7) and (10) applied to the previous inequality , we obtain

1 ¢
¢ A1t qriti
|T] (u,v)(®)| < ?p o f(s,1,1—s)ds + Of s o f(s, 1,1 —s)ds +
11"'[1.1 AZ"’”Z
f(l—s)( f(s 1,1 - s)ds+f ( - g(s,1—s5,1)ds

Aty 1 t 1
< ((1 r):l pngloff(s, 1,1—s)ds + 0fsf(s, 1,1 —s)ds + _!(1 —-s)f(s,1,1—s)ds | +

T (u,v)(®)| <

pa)‘2+”2 Ccq

1 ' . . .
+ = ?fo g(s,1—s,1)ds = |T1(u,v)(t)| < C = T,is equicontinuous

In the same way, we get|T, (u, v)(t)| < C = T, is equicontinuous. Therefore by Arzela-Ascoli’s

theorem, we deduce thatT (B) is relatively compact.

Proposition 5. Let(u, v)a positive solution of the system of second order differential equations (4)-

(6). Then, there existsa € R, such that0 < a < 1land it holds

a(l1—-1¢t) <u(t) Sl(l —t)
‘11 ,te[01]
a(l1—1t) <v(t) Sa(l—t)

Proof. By the proposition 4, one has(u, v) € K\ {0}, consequently
I (A=t <u®) , v@©) < @)l

By choosinga = min {1ll(w, »)ll;,2,1/2} = a1 — 1) < nll(w W), (1 - ) < u(®)

Letbbe a constantsuch that||(u, v)|l;/b < 1andb > %.From the proposition 3, we have

u(t)Sp(l—t)ff<s, M(l— ))ds+p(1—t)j < n”(ul;—v)”l(l—s),b>dss

hArtia

= Wl Dl

hAztiz

p(1—t)fg(s,1—s,1)ds=c(1—t)
0

From the previous inequality, we get u(t) < %(1 —t) ,t€e0,1]

With the same arguments, we show that a(1 — t) < v(t) < i(l —-t) , te[0,1]
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Theorem 1 (Compression and expansion fixed point theorem)
LetKbe a cone, Q,, Q,two open and bounded subsets of a Banach space

E, such that0 € Q; , Q; € Q,andT:K n (Q,\Q;) — K a compact operator. Suppose one of the

conditions is true

C1) ITull < llull, Yu € K n aQ and||Tull = ||lull, Yvu € K n9Q, or

C2) ITull = llull, Yvu € KnaQ, and||Tull < ||lull, Yvu € K n9Q,

ThenThas at least a fixed point in K N (Q,\Q,).See Dajun,G. and Lakshmikanthan,V.(1988).

Theorem 2. Suppose thatf € C°((O,1) x [0, +oo) x (0, +00), [0, +0)),
g € €°((0,1) x (0,+) x [0, +00), [0, +0)satisfy the hypotheses (H1) and let

& = fol(l — o (t)da(t) , & = fol(l —t)o,(t) dB(t)for o1 ,0, in L (0,1)such thaté; > 0 ,
& >0, furthermore { =1—¢&,.&, >0 andA; + 1, < 1,u; + u, < 1.Then thereis only one

positive solution(u, v)0f the differential system (4)-(6).

Proof. i)Existence. Let0 < r < 1 < R. By the proposition 4, the continuous operator T: Bz (0)\
B,.(0) — K isa compact operator. By extension theorem of Dugundji(1951), we deduce that the
operator T: Bz (0) — K is continuous and so that, it turns out a compact operator. Let(u, v) €

0B. = r = ||(u, v)||, ,using the inequality(19) in

U, (t,5).Uy(t,s) = % [1o,(0G (&) dB®) + Gt 5) =

1

S a —;)fl f 02Ot —)s(1 — 5)dB(t) + t(1 — t)s(1 — s) = v(1 — t)s(1 — 5)
0

1-v
£

1 1
Uy (L s) =(1%t) f 61 (O)G(t, ) da(t) > j o (Ot = O)s(1 — 5) da(t) =
0 0

=v(l—-¢t)s(1—5s)

Hence, for allt € [0,3/4], and eachi = 1,2, we obtain:

Volume 8 Issue No 7 (2025) Access: https://gphjournal.org/index.php/m



Jauregui, M. A., Gutiérrez, M. M., & Gutierrez, H. O. (2025). Positive solutions for a coupled system of non linear of second-order
boundary-valued differential equations. GPH-International Journal of Mathematics, 8(7), 157-175.
https://doi.org/10.5281/zenodo.16927158

1 1

T;(u, v)(t) = fv(l —t)s(1 —5s) f(s,u(s),v(s))ds = %f s(1 —=3) f(s,u(s),v(s))ds

0 0
Since(u, v) € dB.we have nr(1 —t) < u(t) ,v(t) < r.Then, for everyt € [0,1] andr < % < 1.

From the hypotheses about f, the previous inequality it turns out

1

T;(u,v)(t) = %f s(1=5s)f(s,nr(1 —s),1)ds

0
By using the consequence 1 to the functionf

1

T;(w,v)(t) = %(nr)ll f s(1=5)f(s,1—s,1ds =

0

= Gn’“ fols(l —5)f(s,1—s5, 1)ds) r~A-40 r > r = ||(u, v)|l1, for all  such that

( ' le\
0<r§min4 nlifs(l—s)f(s,l—s,l)ds 5}
0

\

<

Let(u,v) € 9P = R = ||(u, v)||; ,using (20) for each i = 1,2to the following operator

1 1

T;(u,v)(t) = JUi(t, s) f(s,u(s),v(s))ds +le-(t,s) g(s,u(s),v(s))ds <

0 0
1

1
<o [ rGu@,vn s +p [ gisus)ve) ds
0

0

Because(u, v) € dPgwe havenR(1 —t) < u(t), v(t) <R, forallt € [0,1]

By using the hypotheses (H1) (8) and the consequence 2 (11) to f andg respectively

1

T;(u,v)(t) < pff(s,R,nR(l —5))ds +pfg(s, NR(1 —s),R)ds <
0

0

1

1
< p(R) f f(s,R, (1 — 5)) ds + p(nR) "2 j oG, (1= 5), Ry ds
0

0

ForR = 1/n, it yields

1

T;(u,v)(t) < pff(s, R,(1—5))ds+ pfg(s,(l —S),R)ds

0
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ForR = 2 > 1, applying the consequence 1 and 3tofand , we have

1

T,(u,v)(t) < pRM f £(s,1,(1 — s))ds + pR™ f g(s,(1—s),1)ds <
0

0

1

ff(&l,(l—s))ds+fg(s,(1—s),1)ds =

0

<1 pRmax{/ll,Az}

—(1- {11,457
<RpR ([ p(51,(1 - ) ds+ f) g(s. (1= ), 1) ds) < R = I, ). For R
1
( 1 1-max{11,12} 1 \
RZmax4 pff(s,l,(l—s))ds+pds 52}
L\ o )

Hence, applying the Theorem 1, the operator T: Bx(0)\B,(0) — Khas a fixed point(u, v)in

Br(0)\B,(0)and so that one gets a positive solution in B (0)\B,(0).

ii) Uniqueness. Suppose that(u,,v,), (u,, v,)are two positive solutions in Bg(0)\B,.(0)of the system
(4)-(6). By the proposition 5. There existsa, b € R, (a, b) € (0,1) x (0,1)it holds

1
a(l1—t) <u (t), < 5(1 —t)

] 1 ,t €10,1]
a(l1—-t) <v(t) < 5(1 —t)

b(1—-t)<u,(t) < %(1 —t)
] ,t €10,1]

1
b(1—-t)Svy(t) < 5(1 —t)
1 a 1
Hence, u, (t) < 3(1 —t) = —(1—t) < —u(t)
u(t) =2 b(1—1t) = %a(l —t) = bauy (t) = abuy(t) < uy(t) < al—bul(t). In the same way
abvyi(t) < vy(t) < ﬁvl(t) Since, a,b # 1, letting
1 1
S = sup {a; au,(t) < u,(t) < Eul(t) ,av,(t) < v,(t) < Evl(t) ,t E [0,1]}

From the definition of supremum, we have 0 < ab < S < 1, moreover
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S (8) S up(1) S s (1), Svi(t) < vp(8) < cvy(8), ¢ € [0,1] . Using HL, it yields

1
f(&uz(8), (D) = £ (&, Sua (8), 5 v2(0)) = SMHF(t,up (), v1(0) = S (8 ug (B), v4 (1))

Where, = max{/l1 + g, Ay + ﬂz} , such thatl < 1, we obtain

1 1

Uy (t) = T(uy, v2)(t) = f Ui(t,s) f(s,uy(s), vo(s))ds + f Vi(t s) g(s, uy(s), va(s))ds =
> f U,(6.5) £(5,101.(5), v () )ds + f V(e 5) 95,10 (5), 03 ())ds | =

= $*T (uq, v1)(t) = s*u,(t).With the same arguments, we obtain

v,(t) = S*v,(t) ,uq (t) = Stu,(t), v,(t) = s*v,(t) .Note that(S, 1) € (0,1) x (0,1) so that,

one obtains a contradiction with the supremum S.Therefore we get the result.

4. CONCLUSION

We have achieved a result of existence and uniqueness through the Compression and
expansion fixed point theorem.
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