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Abstract 

The main objective of this article is concerned with existence and uniqueness of the positive 

solutions for a coupled system of second-order boundary-valued differential equations, which 

the boundary conditions are coupled by integrals. For that one, the solutions are related to 

Green’s functions and represented by integral equations and so that, we used a cone 

compression and expansion fixed point theorem applied to a completely continuous operator, 

as seen in Guo, D. and Lakshmikant V (1988). 
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1. Introduction.  

This research analyzes a system of nonlinear ordinary differential equations, with regard to 

the existence of positive solutions and uniqueness of solutions. Evidently, different methods 

can be developed from this perspective, which can provide a deterministic solution or 

perform a simulation that demonstrates its geometric behavior or apply approximation 

techniques. One of the problems studied, from which several results have been obtained, is 

the system of two second-order ordinary differential equations. Several researchers, such as 

Asif et al. (2010) and Asif and Khan (2012), have demonstrated the existence of positive 

solutions, depending on the characteristics imposed on the boundary conditions. In this sense, 

this paper consists of considering the system of second-order differential equations in the 

form: 

{

𝑥′′(𝑡) + 𝑎1(𝑡)𝑥
′(𝑡) + 𝑏1(𝑡)𝑥(𝑡) + 𝑓1(𝑡, 𝑥(𝑡), 𝑦(𝑡)) = 0   , 𝑡 ∈ (0,1)

𝑦′′(𝑡) + 𝑎2(𝑡)𝑦′(𝑡) + 𝑏2(𝑡)𝑦(𝑡) + 𝑓2(𝑡, 𝑥(𝑡), 𝑦(𝑡)) = 0  , 𝑡 ∈ (0,1)

(1) 

With the boundary conditions 

𝑥(0) = ∫𝑦(𝑡)𝑑𝛼(𝑡)

1

0

  , 𝑦(0) = ∫𝑥(𝑡)𝑑𝛽(𝑡)

1

0

                  (2)   

𝑥(1) = 0   ,   𝑦(1) = 0                      (3) 

Where 𝛼 y 𝛽 are continuous on the right on [0,1⟩, left continuous at𝑡 = 1, and non decreasing 

on [0,1], with 𝛼(0)=𝛽(0)=0, where ∫ 𝑢(𝑠)𝑑𝛼(𝑠)  and 

∫ (𝑠)𝛽(𝑠) denote Riemann Stieltjes’s integrals of 𝑢 with respect to 𝛼 and 𝛽. Beyond that, we 

have 

𝑓 ∈  𝐶 ((0, 1)  ×  [0, +∞) × (0,+∞), [0, +∞)), 

𝑔 ∈ 𝐶 ((0, 1) × (0,+∞) × [0, +∞), [0, +∞)) For the case in two variables one can have the 

system given in Cortez, M., Quique, J. (2023). We can rewrite (1),(2),(3) like a system  of 

first order differential equations such as in Cassius Vinícius Casaro, Diego Márcio 

Gonzaga, Marco Rogério da Silva Richetto Kátia, Celina da Silva Richetto.(2022) 

2.  Materials and methods 

Let 𝐸 be a Banach space, a non-empty convex subset 𝐾 of 𝐸 is a cone, if satisfies the 

following conditions 

1). For ∈ 𝐾 ,  𝜆 ≥ 0 , then 𝜆𝑥 ∈ 𝐾 

2). If 𝑥 ∈ 𝐾   ,   − 𝑥 ∈ 𝐾, then𝑥 = 0. 
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Let 𝐸 and 𝐹 be normed spaces over the field 𝕂, If𝑇: 𝐸 → 𝐹is a linear operator. Then we have 

(a) 𝑇 is compact if, and only if, for every bounded set 𝐴⊂𝐸 it follows that (𝐴) is relatively 

compact. 

(b) If (𝐵 ̅(0,1)) is relatively compact, then 𝑇 is compact. 

(c) If 𝑇 is compact, then 𝑇 is bounded. 

Compression and expansion fixed point theorem (see Guo, D. and LakshmikantV 

(1988).) 

Let 𝐾 be a cone and Ω1, Ω2be two open and bounded subsets of a Banach space 𝐸, such that 

0 ∈ Ω1 , Ω̅1 ⊂ Ω2and 𝑇:𝐾 ∩ (Ω̅2\Ω1 ) ⟶ 𝐾 a completely continuous operator. Suppose that 

one of the conditions holds 

C1) ‖𝑇𝑢‖ ≤ ‖𝑢‖ , ∀𝑢 ∈ 𝐾 ∩ 𝜕Ω1and‖𝑇𝑢‖ ≥ ‖𝑢‖ , ∀𝑢 ∈ 𝐾 ∩ 𝜕Ω2 

or 

C2) ‖𝑇𝑢‖ ≥ ‖𝑢‖ , ∀𝑢 ∈ 𝐾 ∩ 𝜕Ω1and‖𝑇𝑢‖ ≤ ‖𝑢‖ , ∀𝑢 ∈ 𝐾 ∩ 𝜕Ω2 

Then T has at least one fixed point in𝐾 ∩ (Ω̅2\Ω1).We reacall that a distribution over (0,1), is 

a linear and continuous functional in 𝐶0
∞(0,1) (infinitely differentiable functions with 

compact support in (0,1)) and represented by〈𝑇, 𝜑〉.We denote the set of distributions by 

𝒟′(0,1). A fundamental solution of an ordinary differential equation 𝐿𝑢 =  𝑓is when it can be 

obtained by solving 𝐿𝑢 =  𝛿. Where 𝛿 is Dirac’s distribution. This article focuses the systems 

of ordinary differential equations mentioned above (1)-(3), which will be rewritten by 

changing the variable. 

𝑢(𝑡) = 𝑒
1

2
∫ 𝑎1(𝑡)𝑑𝑡
𝑡
0 𝑥(𝑡)   ,   𝑣(𝑡) = 𝑒

1

2
∫ 𝑎2(𝑡)𝑑𝑡
𝑡
0 𝑦(𝑡) 

Choosing the coefficients appropriately 𝑎1(𝑡), 𝑏1(𝑡), 𝑎2(𝑡)y𝑏2(𝑡) , it yields 

{
−𝑢′′(𝑡) = 𝑓(𝑡, 𝑢(𝑡), 𝑣(𝑡))

−𝑣′′(𝑡) = 𝑔(𝑡, 𝑢(𝑡), 𝑣(𝑡))
     (4) 

𝑢(1) = 0, 𝑣(1) = 0    ,         (5) 

𝑢(0) = ∫𝜎1(𝑡)

1

0

𝑣(𝑡)𝑑𝛼(𝑡) , 𝑣(0) = ∫𝜎2(𝑡)

1

0

𝑢(𝑡)𝑑𝛽(𝑡)         (6) 
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Where , 𝜎1(𝑡) = 𝑒
−
1

2
∫ 𝑎1(𝑡)𝑑𝑡
𝑡
0    ,    𝜎2(𝑡) = 𝑒

−
1

2
∫ 𝑎2(𝑡)𝑑𝑡
𝑡
0  . We asume that  𝜎1 , 𝜎2 ∈ 𝐿

∞(0,1) 

3. The main result 

Before proving the main result, we consider some hypotheses 

H1) For 𝑓 ∈ 𝐶0((0,1) × [0,+∞) × (0,+∞), [0,+∞)) it holds that 𝑓(𝑡, 𝑢, 𝑣) is increasing 

with respect to𝑢 and decreasing with respect to𝑣, moreover, there exists 𝜆1, 𝜇1 ∈ [0,1) such 

that ∀𝑢, 𝑣 > 0     and     𝑎 ∈ (0,1) one has 

𝑎𝜆1𝑓(𝑡, 𝑢, 𝑣) ≤ 𝑓(𝑡, 𝑎𝑢, 𝑣)                   (7) 

𝑓(𝑡, 𝑢, 𝑎𝑣) ≤ 𝑎−𝜇1𝑓(𝑡, 𝑢, 𝑣)                   (8) 

0 < ∫ 𝑓(𝑡, 1,1 − 𝑡)𝑑𝑡
1

0
< +∞       (9) 

Consequence 1: For𝑎 > 1 we have 

𝑓(𝑡, 𝑎𝑢, 𝑣) ≤ 𝑎𝜆1𝑓(𝑡, 𝑢, 𝑣)   , ∀𝑢, 𝑣 > 0 , 𝑓(𝑡, 𝑢, 𝑣) ≤ 𝑎𝜇1𝑓(𝑡, 𝑢, 𝑎𝑣)   , ∀𝑢, 𝑣 > 0. In fact,1/

𝑎 ∈ (0,1) consecuently de (7) se tiene: 

(1/𝑎)𝜆1𝑓(𝑡, 𝑢, 𝑣) ≤ 𝑓 (𝑡,
1

𝑎
𝑢, 𝑣) ⟹ 𝑓(𝑡, 𝑢, 𝑣) ≤ 𝑎𝜆1𝑓 (𝑡,

1

𝑎
𝑢, 𝑣) ⟹ 𝑓(𝑡, 𝑎𝑢, 𝑣)

≤ 𝑎𝜆1𝑓(𝑡, 𝑢, 𝑣) 

In the same way, 𝑓 (𝑡, 𝑢,
𝑣

𝑎
) ≤ (1/𝑎)−𝜇1𝑓(𝑡, 𝑢, 𝑣) ⟹ 𝑓(𝑡, 𝑢, 𝑣) ≤ 𝑎𝜇1𝑓(𝑡, 𝑢, 𝑎𝑣) 

Consequence 2: 0 < ∫ 𝑓(𝑡, 1 − 𝑡, 1)𝑑𝑡 < +∞
1

0
.In fact, by using(7), letting 𝑢 = 1 − 𝑡  , 𝑣 =

1 , we obtain𝑓(𝑡, 1 − 𝑡, 1) ≤ 𝑎−𝜆1𝑓(𝑡, 𝑎(1 − 𝑡), 1)                  (𝑖) 

On the other hand, by the relation (8), letting𝑢 = 𝑎(1 − 𝑡) , 𝑎𝑣 = 1 , it yields 

𝑓(𝑡, 𝑎(1 − 𝑡), 1) ≤ 𝑎−𝜇1𝑓 (𝑡, 𝑎(1 − 𝑡),
1

𝑎
). Since 𝑎(1 − 𝑡) < 1 ⟹  

1

𝑎
> (1 − 𝑡),  

f is increcreasing in the second variable and decreasing in the third variable, we obtain  
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𝑓(𝑡, 𝑎(1 − 𝑡), 1) ≤ 𝑎−𝜇1𝑓 (𝑡, 𝑎(1 − 𝑡),
1

𝑎
) ≤ 𝑎−𝜇1𝑓(𝑡, 1,1 − 𝑡)      (𝑖𝑖) 

So that, from (i) and (ii) 𝑓(𝑡, 1 − 𝑡, 1) ≤ 𝑎−𝜆1𝑓(𝑡, 𝑎(1 − 𝑡), 1) ≤ 𝑎−𝜆1𝑎−𝜇1𝑓(𝑡, 1,1 − 𝑡) 

Consequently, by integrating from 0 to 1  and taking into account (6) we have 

0 < ∫𝑓(𝑡, 1 − 𝑡, 1)𝑑𝑡 ≤ 𝑎−(𝜆1+𝜇1)∫𝑓(𝑡, 1,1 − 𝑡)𝑑𝑡 < +∞

1

0

1

0

 

Analogously, for 𝑔 ∈ 𝐶0((0,1) × (0,+∞) × [0,+∞), [0,+∞)it verifies 

𝑔(𝑡, 𝑢, 𝑣)is decreasing with respect to 𝑢  and  increasing  in 𝑣, moreover, there exists  

𝜆2, 𝜇2 ∈ [0,1) such that ∀𝑢, 𝑣 > 0     and     𝑎 ∈ (0,1) it yields 

𝑎𝜆2𝑔(𝑡, 𝑢, 𝑣) ≤ 𝑔(𝑡, 𝑢, 𝑎𝑣)                   (10) 

𝑔(𝑡, 𝑎𝑢, 𝑣) ≤ 𝑎−𝜇2𝑔(𝑡, 𝑢, 𝑣)                   (11) 

0 < ∫ 𝑔(𝑡, 1 − 𝑡, 1)𝑑𝑡
1

0
< +∞       (12) 

Consequence 3: For 𝑎 > 1we have 𝑔(𝑡, 𝑢, 𝑎𝑣) ≤ 𝑎𝜆2𝑔(𝑡, 𝑢, 𝑣)   , ∀𝑢, 𝑣 > 0       

In fact, 1/𝑎 ∈ (0,1) consequently de (10) 

(1/𝑎)𝜆2𝑔(𝑡, 𝑢, 𝑣) ≤ 𝑔 (𝑡, 𝑢,
𝑣

𝑎
) ⟹ 𝑔(𝑡, 𝑢, 𝑣) ≤ 𝑎𝜆2𝑔 (𝑡, 𝑢,

𝑣

𝑎
) ⟹ 𝑔(𝑡, 𝑢, 𝑎𝑣)

≤ 𝑎𝜆2𝑔(𝑡, 𝑢, 𝑣) 

Applying  (11).We have 𝑔 (𝑡,
𝑢

𝑎
, 𝑣) ≤ (1/𝑎)−𝜇2𝑔(𝑡, 𝑢, 𝑣) ⟹ 

𝑔(𝑡, 𝑢, 𝑣) ≤ 𝑎𝜇2𝑔(𝑡, 𝑎𝑢, 𝑣) ⟹ 0 < ∫𝑔(𝑡, 1,1 − 𝑡)𝑑𝑡 < +∞

1

0
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H2) If𝜉1 = ∫ (1 − 𝑡)𝜎1(𝑡)
1

0
𝑑𝛼(𝑡)   , 𝜉2 = ∫ (1 − 𝑡)𝜎2(𝑡)

1

0
𝑑𝛽(𝑡)  , we have 𝜉1 > 0  , 𝜉2 > 0 , 

and𝜉 = 1 − 𝜉1. 𝜉2 > 0. We know that −𝑢′′(𝑡) = 𝛿(𝑡 − 𝑠)    with 𝑢(0) = 0  , 𝑢(1) = 0 

Has a solution 𝑢(𝑡)as being the Green function 𝐺(𝑡, 𝑠) 

𝐺(𝑡, 𝑠) = {
(1 − 𝑠)𝑡  , 0 ≤ 𝑡 < 𝑠 < 1

𝑠(1 − 𝑡)  ,   0 < 𝑠 < 𝑡 ≤ 1
 

We apply Duhamel´s principle to each differential equation of the system (4)-(6): 

                             −𝑢′′(𝑡) = 𝑓(𝑡, 𝑢(𝑡), 𝑣(𝑡)), 𝑢(0) = 0  , 𝑢(1) = 0  , so that  

 

𝑢(𝑡) = ∫ 𝐺(𝑡, 𝑠)
1

0
𝑓(𝑠, 𝑢(𝑠), 𝑣(𝑠))𝑑𝑠. On the other hand 

−𝑢′′(𝑡) = 0, 𝑢(0) = ∫ 𝜎1(𝑡)
1

0
𝑣(𝑡)𝑑𝛼(𝑡) , 𝑢(1) = 0, 𝑢(𝑡) = (1 − 𝑡)𝑢(0), therefore 

𝑢(𝑡) = (1 − 𝑡)𝑢(0) + ∫𝐺(𝑡, 𝑠)

1

0

𝑓(𝑠, 𝑢(𝑠), 𝑣(𝑠))𝑑𝑠        (13) 

𝑣(𝑡) = (1 − 𝑡)𝑣(0) + ∫𝐺(𝑡, 𝑠)

1

0

𝑔(𝑠, 𝑢(𝑠), 𝑣(𝑠))𝑑𝑠        (14) 

By simplicity of notation. Letting, 𝑝(𝑠) = 𝑓(𝑠, 𝑢(𝑠), 𝑣(𝑠))  , 𝑞(𝑠) =  𝑔(𝑠, 𝑢(𝑠), 𝑣(𝑠)).Now, 

we find an integral representation of the differential system (4)-(6), Multiplying the functions 

obtained in the relationships (13),(14)by𝜎2(𝑡)and𝜎1(𝑡)respectively, by integrating with 

respect to𝑑𝛽(𝑡)and 𝑑𝛼(𝑡)from 0 to 1.We have 

∫𝜎2(𝑡)

1

0

𝑢(𝑡)𝑑𝛽(𝑡) = 𝑢(0)∫(1 − 𝑡)

1

0

𝜎2(𝑡)𝑑𝛽(𝑡) + ∫𝜎2(𝑡)

1

0

(∫𝐺(𝑡, 𝑠)

1

0

𝑝(𝑠)𝑑𝑠)𝑑𝛽(𝑡) 

∫ 𝜎1(𝑡)
1

0
𝑣(𝑡)𝑑𝛼(𝑡) = 𝑢(0) ∫ (1 − 𝑡)

1

0
𝜎2(𝑡)𝑑𝛼(𝑡) + ∫ 𝜎2(𝑡)

1

0
(∫ 𝐺(𝑡, 𝑠)

1

0
𝑝(𝑠)𝑑𝑠) 𝑑𝛼(𝑡).I ndeed 

𝑣(0) − 𝑢(0)∫(1 − 𝑡)

1

0

𝜎2(𝑡)𝑑𝛽(𝑡) = ∫𝜎2(𝑡)

1

0

(∫𝐺(𝑡, 𝑠)

1

0

𝑝(𝑠)𝑑𝑠)𝑑𝛽(𝑡) 

𝑢(0) − 𝑣(0) ∫ (1 − 𝑡)
1

0
𝜎1(𝑡)𝑑𝛼(𝑡) = ∫ 𝜎1(𝑡)

1

0
(∫ 𝐺(𝑡, 𝑠)

1

0
𝑞(𝑠)𝑑𝑠) 𝑑𝛼(𝑡) . Hence 

(
−𝜉2 1
1 −𝜉1

) (
𝑢(0)

𝑣(0)
) = (

∫ 𝜎2(𝑡)
1

0
(∫ 𝐺(𝑡, 𝑠)

1

0
𝑝(𝑠)𝑑𝑠) 𝑑𝛽(𝑡)

∫ 𝜎1(𝑡)
1

0
(∫ 𝐺(𝑡, 𝑠)

1

0
𝑞(𝑠)𝑑𝑠) 𝑑𝛼(𝑡)

), where 

𝜉1 = ∫ (1 − 𝑡)
1

0
𝜎1(𝑡)𝑑𝛼(𝑡)  , 𝜉2 = ∫ (1 − 𝑡)

1

0
𝜎2(𝑡)𝑑𝛽(𝑡) , with determinant 𝜉 = 1− 𝜉1𝜉2 ≠ 0 
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(
𝑢(0)

𝑣(0)
) =

(
𝜉1 1
1 𝜉2

)

𝜉

(

 
 
 
 ∫𝜎2(𝑡)

1

0

(∫𝐺(𝑡, 𝑠)

1

0

𝑝(𝑠)𝑑𝑠)𝑑𝛽(𝑡)

∫𝜎1(𝑡)

1

0

(∫𝐺(𝑡, 𝑠)

1

0

𝑞(𝑠)𝑑𝑠) 𝑑𝛼(𝑡)

)

 
 
 
 

 

𝑢(0) =
𝜉1
𝜉
∫𝜎2(𝑡)

1

0

(∫𝐺(𝑡, 𝑠)

1

0

𝑝(𝑠)𝑑𝑠) 𝑑𝛽(𝑡) +
1

𝜉
∫𝜎1(𝑡)

1

0

(∫𝐺(𝑡, 𝑠)

1

0

𝑞(𝑠)𝑑𝑠)𝑑𝛼(𝑡)     (15) 

𝑣(0) =
1

𝜉
∫𝜎2(𝑡)

1

0

(∫𝐺(𝑡, 𝑠)

1

0

𝑝(𝑠)𝑑𝑠) 𝑑𝛽(𝑡) +
𝜉2
𝜉
∫𝜎1(𝑡)

1

0

(∫𝐺(𝑡, 𝑠)

1

0

𝑞(𝑠)𝑑𝑠) 𝑑𝛼(𝑡)      (16) 

Applying Fubini’s Theorem to  (15) ,(16) and substituting to the equations (13) and(14), it yields 

𝑢(𝑡) =
(1 − 𝑡)𝜉1

𝜉
∫𝑝(𝑠)

1

0

(∫𝜎2(𝑡)𝐺(𝑡, 𝑠)

1

0

𝑑𝛽(𝑡))𝑑𝑠 +
(1 − 𝑡)

𝜉
∫𝑞(𝑠)

1

0

(∫𝜎1(𝑡)𝐺(𝑡, 𝑠)

1

0

𝑑𝛼(𝑡))𝑑𝑠 +∫𝐺(𝑡, 𝑠)

1

0

𝑝(𝑠)𝑑𝑠 

𝑢(𝑡) = ∫𝑈1(𝑡, 𝑠)

1

0

𝑝(𝑠)𝑑𝑠 + ∫𝑈2(𝑡, 𝑠)

1

0

𝑞(𝑠)𝑑𝑠                        (17) 

Where 

𝑈1(𝑡, 𝑠) =
(1 − 𝑡)𝜉

1

𝜉
∫𝜎2(𝑡)𝐺(𝑡, 𝑠)

1

0

𝑑𝛽(𝑡) + 𝐺(𝑡, 𝑠), 𝑈2(𝑡, 𝑠) =
(1 − 𝑡)

𝜉
∫𝜎1(𝑡)𝐺(𝑡, 𝑠)

1

0

𝑑𝛼(𝑡) 

𝑣(𝑡) =
(1 − 𝑡)

𝜉
∫𝑝(𝑠)

1

0

(∫𝜎2(𝑡)𝐺(𝑡, 𝑠)

1

0

𝑑𝛽(𝑡))𝑑𝑠 +
(1− 𝑡)𝜉2

𝜉
∫𝑞(𝑠)

1

0

(∫𝜎1(𝑡)𝐺(𝑡, 𝑠)

1

0

𝑑𝛼(𝑡))𝑑𝑠 + 

+∫𝐺(𝑡, 𝑠)

1

0

𝑞(𝑠)𝑑𝑠 

𝑣(𝑡) = ∫𝑉1(𝑡, 𝑠)

1

0

𝑝(𝑠)𝑑𝑠 +∫𝑉2(𝑡, 𝑠)

1

0

𝑞(𝑠)𝑑𝑠                        (18) 

𝑉1(𝑡, 𝑠) =
(1−𝑡)

𝜉
∫ 𝜎2(𝑡)𝐺(𝑡, 𝑠)
1

0
𝑑𝛽(𝑡), 𝑉2(𝑡, 𝑠) =

(1−𝑡)𝜉
2

𝜉
∫ 𝜎1(𝑡)𝐺(𝑡, 𝑠)
1

0
𝑑𝛼(𝑡) + 𝐺(𝑡, 𝑠).Let𝐸 = 

𝐶([0,1])be the vector space of continuous functions on[0,1]with the norm‖𝑢‖ = max
0≤𝑡≤1

|𝑢(𝑡)| , 

which is a Banach space. Consider the set  

𝐾 = {(𝑢, 𝑣) ∈ 𝐸 × 𝐸  ;   𝑢(𝑡), 𝑣(𝑡) ≥ 𝜂(1 − 𝑡)‖(𝑢, 𝑣)‖1 , 𝑡 ∈ [0,1]} 

Where ‖(𝑢, 𝑣)‖1 = 𝑚á𝑥{‖𝑢‖, ‖𝑣‖} , 𝜂 =
𝜈

𝜌
∈ [0,1]. 
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𝜈 = min{
𝜉1
𝜉
∫ 𝑡(1 − 𝑡)𝜎2(𝑡)

1

0

𝑑𝛽(𝑡),
𝜉2
𝜉
∫𝑡(1 − 𝑡)𝜎1(𝑡)

1

0

𝑑𝛼(𝑡) ,
1

𝜉
∫ 𝑡(1 − 𝑡)𝜎2(𝑡)

1

0

𝑑𝛽(𝑡), 

,
1

𝜉
∫ 𝑡(1 − 𝑡)𝜎1(𝑡)

1

0

𝑑𝛼(𝑡)} 

𝜌 = máx {
𝜉1
𝜉
∫𝜎2(𝑡)

1

0

𝑑𝛽(𝑡) + 1,
𝜉2
𝜉
∫𝜎1(𝑡)

1

0

𝑑𝛼(𝑡) + 1,
1

𝜉
∫𝜎2(𝑡)

1

0

𝑑𝛽(𝑡),
1

𝜉
∫𝜎1(𝑡)

1

0

𝑑𝛼(𝑡)} 

𝐾is a non-empty closed convex set of𝐸 × 𝐸. Let𝐾∗ = 𝐾\{0} ,𝒞+([0,1]) ⊂ 𝐸 The space of non-

negative continuous functions on[0,1].We know that Green’s functions satisfies 

𝐺(𝑡, 𝑠). 𝐺(𝑡, 𝑠) = 𝑡(1 − 𝑡)𝑠(1 − 𝑠) ≤ 𝐺(𝑡, 𝑠) ≤ 𝑡(1 − 𝑡)(o   𝑠(1 − 𝑠)  )     (19) 

We have some estimates 

E1) {
𝑈𝑖(𝑡, 𝑠) ≤ 𝜌𝑠(1 − 𝑠)  ( o  𝑡(1 − 𝑡) )

𝑉𝑖(𝑡, 𝑠) ≤ 𝜌𝑠(1 − 𝑠)  ( o  𝑡(1 − 𝑡) )
, 𝑖 = 1,2                      (20) 

E2) {
𝑈𝑖(𝑡, 𝑠) ≥ 𝜈(1 − 𝑡)𝑠(1 − 𝑠)

𝑉𝑖(𝑡, 𝑠) ≥ 𝜈(1 − 𝑡)𝑠(1 − 𝑠)
, 𝑖 = 1,2                               (21)   

E3)  {
𝑓(𝑡, 𝑢(𝑡), 𝑣(𝑡)) ≤ 𝑎𝜆1𝑏𝜇1𝑓(𝑡, 1,1 − 𝑡)

𝑔(𝑡, 𝑢(𝑡), 𝑣(𝑡)) ≤ 𝑎𝜆2𝑏𝜇2𝑔(𝑡, 1 − 𝑡, 1)
                         (22) 

E4) {
𝑈𝑖(𝑡, 𝑠) ≥ 𝜂(1 − 𝑡)𝑈𝑖(𝜏, 𝑠)

𝑉𝑖(𝑡, 𝑠) ≥ 𝜂(1 − 𝑡)𝑉𝑖(𝜏, 𝑠)
, 𝑖 = 1,2                                 (23) 

E5)  {
𝑈𝑖(𝑡, 𝑠) ≥ 𝜂(1 − 𝑡)𝑉𝑖−(−1)𝑖(𝜏, 𝑠)

𝑉𝑖(𝑡, 𝑠) ≥ 𝜂(1 − 𝑡)𝑈𝑖−(−1)𝑖(𝜏, 𝑠)
  , 𝑖 = 1,2                     (24)   

In fact, for E1, by using the inequality (19) in 𝑈1(𝑡, 𝑠) 

𝑈1(𝑡, 𝑠) =
(1 − 𝑡)𝜉

1

𝜉
∫𝜎2(𝑡)𝐺(𝑡, 𝑠)

1

0

𝑑𝛽(𝑡) + 𝐺(𝑡, 𝑠) ≤ 

≤
𝜉
1

𝜉
∫𝜎2(𝑡)𝑠(1 − 𝑠)

1

0

𝑑𝛽(𝑡) + 𝑠(1 − 𝑠) = 𝑠(1 − 𝑠) [
𝜉
1

𝜉
∫𝜎2(𝑡)

1

0

𝑑𝛽(𝑡) + 1] ≤ 𝑠(1 − 𝑠)𝜌      

𝑈1(𝑡, 𝑠) ≤ 𝑠(1 − 𝑠)𝜌 

𝑈1(𝑡, 𝑠) =
(1 − 𝑡)𝜉

1

𝜉
∫𝜎2(𝑡)𝐺(𝑡, 𝑠)

1

0

𝑑𝛽(𝑡) + 𝐺(𝑡, 𝑠) ≤
(1 − 𝑡)𝜉

1

𝜉
∫𝜎2(𝑡)𝑡(1 − 𝑡)

1

0

𝑑𝛽(𝑡) + 𝑡(1 − 𝑡) 

Since𝑡 ≤ 1  y  1 − 𝑡 ≤ 1, we have𝑈1(𝑡, 𝑠) ≤
(1−𝑡)𝜉

1

𝜉
∫ 𝜎2(𝑡)
1

0
𝑑𝛽(𝑡) + (1 − 𝑡) < (1 − 𝑡)𝜌  ⟹ 
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𝑈1(𝑡, 𝑠) ≤ (1 − 𝑡)𝜌 . In the same way for𝑉𝑖(𝑡, 𝑠). ForE2, by using the inequality (19) en𝑈1(𝑡, 𝑠) 

𝑈1(𝑡, 𝑠) =
(1 − 𝑡)𝜉

1

𝜉
∫𝜎2(𝑡)𝐺(𝑡, 𝑠)

1

0

𝑑𝛽(𝑡) + 𝐺(𝑡, 𝑠) ≥ 

≥
(1 − 𝑡)𝜉1

𝜉
∫ 𝜎2(𝑡)𝑡(1− 𝑡)𝑠(1−𝑠)

1

0

𝑑𝛽(𝑡)+ 𝑡(1− 𝑡)𝑠(1−𝑠)= 

=
(1− 𝑡)𝑠(1− 𝑠)𝜉1

𝜉
∫ 𝜎2(𝑡)𝑡(1− 𝑡)

1

0

𝑑𝛽(𝑡)+ 𝑡(1− 𝑡)≥ 

≥
(1 − 𝑡)𝑠(1− 𝑠)𝜉1

𝜉
∫ 𝜎2(𝑡)𝑡(1− 𝑡)

1

0

𝑑𝛽(𝑡)≥ (1− 𝑡)𝑠(1− 𝑠)𝜈⟹ 𝑈1(𝑡, 𝑠)≥ (1− 𝑡)𝑠(1− 𝑠)𝜈 

With the same arguments, one verifies the other estimates of E2). 

ForE3) Let(𝑢, 𝑣) ∈ 𝐾∗ ,𝑎 > 1such that‖(𝑢, 𝑣)‖1 < 𝑎  ⟹   𝑢(𝑡), 𝑣(𝑡) ≥ 𝜂(1 − 𝑡)‖(𝑢, 𝑣)‖1 

From consequence 1, and since 𝑓 is increasing in the second variable and decreasing in 

the third variable, we have 

𝑓(𝑡, 𝑢(𝑡), 𝑣(𝑡)) ≤ 𝑓(𝑡, 𝑎,𝜂(1 − 𝑡)‖(𝑢, 𝑣)‖1) ≤ 𝑎
𝜆1𝑓(𝑡, 1, 𝜂(1 − 𝑡)‖(𝑢, 𝑣)‖1) 

Once again, because 𝑓 is decreasing in the third variable 

 

𝑎𝜆1𝑓(𝑡, 1, 𝜂(1 − 𝑡)‖(𝑢, 𝑣)‖1) ≤ 𝑎
𝜆1𝑓(𝑡, 1,

𝜂(1 − 𝑡)‖(𝑢, 𝑣)‖1
𝑎

) ⟹ 

𝑓(𝑡, 𝑢(𝑡), 𝑣(𝑡)) ≤ 𝑎𝜆1𝑓(𝑡, 1,
𝜂(1 − 𝑡)‖(𝑢, 𝑣)‖1

𝑎
) = 𝑎𝜆1𝑓 (𝑡, 1,

(1− 𝑡)

𝑏
) 

Where 𝑏 = 𝑎/𝜂‖(𝑢, 𝑣)‖1 , from consequence 1, (𝑡, 𝑢, 𝑣) ≤ 𝑏𝜇1𝑓(𝑡, 𝑢, 𝑏𝑣) , letting 

𝑣 =
(1−𝑡)

𝑏
in the inequality, we obtain 

𝑓(𝑡, 𝑢(𝑡), 𝑣(𝑡)) ≤ 𝑎𝜆1𝑓 (𝑡, 1,
(1−𝑡)

𝑏
) ≤ 𝑎𝜆1𝑏𝜇1𝑓(𝑡, 1,1 − 𝑡) . Analogously, it holds 

𝑔(𝑡, 𝑢(𝑡), 𝑣(𝑡)) ≤ 𝑎𝜆2𝑔(𝑡,
(1 − 𝑡)

𝑏
, 1) ≤ 𝑎𝜆2𝑏𝜇2𝑔(𝑡, 1 − 𝑡, 1) 

For E4) and E5). We use the estimate E2) and E1) respectively for obtaining 

𝑈𝑖(𝑡, 𝑠) ≥ 𝜈(1 − 𝑡)𝑠(1 − 𝑠) = 𝜌𝜂(1 − 𝑡)𝑠(1 − 𝑠) ≥ 𝜂(1 − 𝑡)𝑈𝑖(𝑡, 𝑠) 

𝑈𝑖(𝑡, 𝑠) ≥ 𝜈(1 − 𝑡)𝑠(1 − 𝑠) = 𝜌𝜂(1 − 𝑡)𝑠(1 − 𝑠) ≥ 𝜂(1 − 𝑡)𝑉𝑖−(−1)𝑖(𝑡, 𝑠) 
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Let 𝑇: 𝐾∗ ⟶𝐾be the operator defined by𝑇(𝑢, 𝑣) = (𝑇1(𝑢, 𝑣), 𝑇2(𝑢, 𝑣))              (25)  

Where, The operators  𝑇𝑖: 𝐾∗ ⟶ 𝒞+([0,1]) , are defined for each 𝑖 = 1,2  by 

𝑇1(𝑢, 𝑣)(𝑡) =  ∫𝑈1(𝑡, 𝑠)

1

0

𝑓(𝑠, 𝑢(𝑠), 𝑣(𝑠))𝑑𝑠 +∫𝑉1(𝑡, 𝑠)

1

0

𝑔(𝑠, 𝑢(𝑠), 𝑣(𝑠))𝑑𝑠    (26)   

𝑇2(𝑢, 𝑣)(𝑡) = ∫𝑈2(𝑡, 𝑠)

1

0

𝑓(𝑠, 𝑢(𝑠), 𝑣(𝑠))𝑑𝑠 +∫𝑉2(𝑡, 𝑠)

1

0

𝑔(𝑠, 𝑢(𝑠), 𝑣(𝑠))𝑑𝑠       (27) 

Proposition 1. 𝑇: 𝐾∗ ⟶𝐾given by𝑇(𝑢, 𝑣) = (𝑇1(𝑢, 𝑣), 𝑇2(𝑢, 𝑣))is well definedon𝐾∗ . 

Proof. Let(𝑢, 𝑣) ∈ 𝐾∗,of the estimate (20) for each𝑖 = 1,2to the following operator 

𝑇𝑖(𝑢, 𝑣)(𝑡) =  ∫𝑈𝑖(𝑡, 𝑠)

1

0

𝑓(𝑠, 𝑢(𝑠), 𝑣(𝑠))𝑑𝑠 +∫𝑉𝑖(𝑡, 𝑠)

1

0

𝑔(𝑠, 𝑢(𝑠), 𝑣(𝑠))𝑑𝑠 ≤    

≤ 𝜌∫𝑓(𝑠, 𝑢(𝑠), 𝑣(𝑠))

1

0

𝑑𝑠 + 𝜌∫𝑔(𝑠, 𝑢(𝑠), 𝑣(𝑠))

1

0

𝑑𝑠 

Now, using the estimate (22), in the previous inequality, we obtain 

𝑇𝑖(𝑢, 𝑣)(𝑡) ≤ 𝜌∫𝑎𝜆1𝑏𝜇1𝑓(𝑠, 1,1 − 𝑠)

1

0

𝑑𝑠 + 𝜌∫𝑎𝜆2𝑏𝜇2𝑔(𝑠, 1 − 𝑠, 1)

1

0

𝑑𝑠 < +∞ 

Let𝐵𝑟(0) = {(𝑢, 𝑣) ∈ 𝐾 ; ‖(𝑢, 𝑣)‖1 < 𝑟}the open ball in𝐾 , of center in zero and radius𝑟 > 0. 

Proposition 2. Let0 < 𝑟 < 𝑅 . The operator 𝑇:𝐵𝑅(0)̅̅ ̅̅ ̅̅ ̅̅ \𝐵𝑟(0) ⟶ 𝐾 verifies𝑇 (𝐵𝑅(0)̅̅ ̅̅ ̅̅ ̅̅ \𝐵𝑟(0)) ⊂ 𝐾 . 

Proof. Let(𝑢, 𝑣) ∈ 𝐵𝑅(0)̅̅ ̅̅ ̅̅ ̅̅ \𝐵𝑟(0) , for every𝑡 ∈ [0,1], by using(23) 

𝑇1(𝑢, 𝑣)(𝑡) =  ∫𝑈1(𝑡, 𝑠)

1

0

𝑓(𝑠, 𝑢(𝑠), 𝑣(𝑠))𝑑𝑠 + ∫𝑉1(𝑡, 𝑠)

1

0

𝑔(𝑠, 𝑢(𝑠), 𝑣(𝑠))𝑑𝑠 ≥

≥ ∫𝜂(1 − 𝑡)𝑈1(𝜏, 𝑠)

1

0

𝑓 (𝑠, 𝑢(𝑠), 𝑣(𝑠))𝑑𝑠 + ∫𝜂(1 − 𝑡)𝑉1(𝜏, 𝑠)

1

0

𝑔(𝑠, 𝑢(𝑠), 𝑣(𝑠))𝑑𝑠 = 

=𝜂(1 − 𝑡)𝑇1(𝑢, 𝑣)(𝜏)  , para todo 𝜏 ∈ [0,1] ⟹ 𝑇1(𝑢, 𝑣)(𝑡) ≥ 𝜂(1 − 𝑡)‖𝑇1(𝑢, 𝑣)‖. From (24) 

𝑇1(𝑢, 𝑣)(𝑡) =  ∫𝑈1(𝑡, 𝑠)

1

0

𝑓(𝑠, 𝑢(𝑠), 𝑣(𝑠))𝑑𝑠 + ∫𝑉1(𝑡, 𝑠)

1

0

𝑔(𝑠, 𝑢(𝑠), 𝑣(𝑠))𝑑𝑠 ≥ 

≥ ∫𝜂(1 − 𝑡)𝑉2(𝜏, 𝑠)

1

0

𝑓 (𝑠, 𝑢(𝑠), 𝑣(𝑠))𝑑𝑠 +∫𝜂(1− 𝑡)𝑈2(𝜏, 𝑠)

1

0

𝑔(𝑠, 𝑢(𝑠), 𝑣(𝑠))𝑑𝑠 = 
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=𝜂(1 − 𝑡)𝑇2(𝑢, 𝑣)(𝜏)  , para todo 𝜏 ∈ [0,1] ⟹ 𝑇1(𝑢, 𝑣)(𝑡) ≥ 𝜂(1 − 𝑡)‖𝑇2(𝑢, 𝑣)‖ ⟹ 

𝑇1(𝑢, 𝑣)(𝑡) ≥  𝜂(1 − 𝑡)‖( 𝑇1(𝑢, 𝑣),𝑇2(𝑢, 𝑣) ) ‖1, 𝑇2(𝑢, 𝑣)(𝑡) ≥  𝜂(1 − 𝑡)‖( 𝑇1(𝑢, 𝑣),𝑇2(𝑢, 𝑣) ) ‖1  

Then, by definition of𝐾⟹𝑇(𝑢,𝑣) = (( 𝑇1(𝑢, 𝑣), 𝑇2(𝑢, 𝑣) )  ∈ 𝐾 , that is,𝑇 (𝐵𝑅(0)̅̅ ̅̅ ̅̅ ̅̅ \𝐵𝑟(0)) ⊂ 𝐾 . 

Proposition 3. Let0 < 𝑟 < 𝑅 . 𝑇: 𝐵𝑅(0)̅̅ ̅̅ ̅̅ ̅̅ \𝐵𝑟(0) ⟶ 𝐾is a continuous operator. 

Proof. It is enough to show that𝑇1 , 𝑇2: 𝐵𝑅(0)̅̅ ̅̅ ̅̅ ̅̅ \𝐵𝑟(0) ⟶ 𝒞+([0,1])are continuous operators. 

Let{(𝑢𝑛, 𝑣𝑛)}𝑛∈ℕ ⊂ 𝐵𝑅(0)̅̅ ̅̅ ̅̅ ̅̅ \𝐵𝑟(0)be a sequence, such that(𝑢𝑛 , 𝑣𝑛)⟶ (𝑢, 𝑣) ∈  𝐵𝑅(0)̅̅ ̅̅ ̅̅ ̅̅ \𝐵𝑟(0)  ⟹ 

‖(𝑢𝑛, 𝑣𝑛) − (𝑢, 𝑣)‖1 → 0   , 𝑛 → ∞ 

𝑇1(𝑢𝑛 , 𝑣𝑛)(𝑡) − 𝑇1(𝑢, 𝑣)(𝑡) =  ∫𝑈1(𝑡, 𝑠)

1

0

𝑓(𝑠, 𝑢𝑛(𝑠), 𝑣𝑛(𝑠))𝑑𝑠 +∫𝑉1(𝑡, 𝑠)

1

0

𝑔(𝑠, 𝑢𝑛(𝑠), 𝑣𝑛(𝑠))𝑑𝑠 −    

−∫𝑈1(𝑡, 𝑠)

1

0

𝑓(𝑠, 𝑢(𝑠), 𝑣(𝑠))𝑑𝑠 − ∫𝑉1(𝑡, 𝑠)

1

0

𝑔(𝑠, 𝑢(𝑠), 𝑣(𝑠))𝑑𝑠 = 

= ∫𝑈1(𝑡, 𝑠)

1

0

[𝑓(𝑠, 𝑢𝑛(𝑠), 𝑣𝑛(𝑠)) − 𝑓(𝑠, 𝑢(𝑠), 𝑣(𝑠))]𝑑𝑠 

+∫𝑉1(𝑡, 𝑠)

1

0

[𝑔(𝑠, 𝑢𝑛(𝑠), 𝑣𝑛(𝑠)) − 𝑔(𝑠, 𝑢(𝑠), 𝑣(𝑠))]𝑑𝑠 

Hence, of the estimate E1, it yields|𝑇1(𝑢𝑛, 𝑣𝑛)(𝑡) − 𝑇1(𝑢, 𝑣)(𝑡)| ≤ 

≤ ∫𝜌

1

0

|𝑓(𝑠, 𝑢𝑛(𝑠), 𝑣𝑛(𝑠))− 𝑓(𝑠, 𝑢(𝑠), 𝑣(𝑠))|𝑑𝑠 +∫𝜌

1

0

|𝑔(𝑠, 𝑢𝑛(𝑠), 𝑣𝑛(𝑠))− 𝑔(𝑠, 𝑢(𝑠), 𝑣(𝑠))|𝑑𝑠 

Let𝑀 = sup{‖(𝑢, 𝑣)‖1, ‖(𝑢𝑛 , 𝑣𝑛)‖}𝑛∈ℕ, then, there exists a positive constant 𝑎 > 0 such that 

𝑀/𝑎 < 1, letting𝑏 = 𝑎/𝜂𝑟. By using the estimate E3 with constants 𝑎 and 𝑏 

|𝑓(𝑠, 𝑢𝑛(𝑠), 𝑣𝑛(𝑠)) − 𝑓(𝑠, 𝑢(𝑠), 𝑣(𝑠))| ≤ 2𝑎
𝜆1𝑏

𝜇1𝑓(𝑠, 1,1 − 𝑠) =
2𝑎𝜆1+𝜇1

(𝜂𝑟)𝜇1
𝑓(𝑠, 1,1 − 𝑠) 

|𝑔(𝑠, 𝑢𝑛(𝑠), 𝑣𝑛(𝑠)) − 𝑔(𝑠, 𝑢(𝑠), 𝑣(𝑠))| ≤
2𝑎𝜆1+𝜇1

(𝜂𝑟)𝜇1
𝑔(𝑠, 1 − 𝑠, 1) 

Since(𝑢𝑛, 𝑣𝑛) , (𝑢, 𝑣) ∈ 𝐵𝑅(0)̅̅ ̅̅ ̅̅ ̅̅ \𝐵𝑟(0). We can choose 0 < 𝛿 < 1/2 ,𝑟 > 0 , such that 

𝑢𝑛(𝑡) ≥ 𝜂𝑟𝛿 ,𝑣𝑛(𝑡) ≥ 𝜂𝑟𝛿, 𝑢(𝑡) ≥ 𝜂𝑟𝛿 , 𝑣(𝑡) ≥ 𝜂𝑟𝛿,for all𝑡 ∈ [𝛿, 1 − 𝛿]. Because 

𝑓(𝑠, 𝑢(𝑠), 𝑣(𝑠)) , 𝑔(𝑠, 𝑢(𝑠), 𝑣(𝑠))is uniformly continuous on[𝛿, 1 − 𝛿] × [𝜂𝑟𝛿, 𝑅] × [𝜂𝑟𝛿, 𝑅],so 
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lim
𝑛→∞

|𝑓(𝑠, 𝑢𝑛(𝑠), 𝑣𝑛(𝑠)) − 𝑓(𝑠, 𝑢(𝑠), 𝑣(𝑠))| = 0, lim
𝑛→∞

|𝑔(𝑠, 𝑢𝑛(𝑠), 𝑣𝑛(𝑠)) − 𝑔(𝑠, 𝑢(𝑠), 𝑣(𝑠))| = 0 

Uniformly on 𝑠 ∈ [𝛿, 1 − 𝛿], From the Lebesgue dominated convergence theorem it follows that 

∫ |𝑓(𝑠, 𝑢𝑛(𝑠), 𝑣𝑛(𝑠))− 𝑓(𝑠, 𝑢(𝑠), 𝑣(𝑠))|

1−𝛿

𝛿

𝑑𝑠 ⟶ 0,∫ |𝑔(𝑠, 𝑢𝑛(𝑠), 𝑣𝑛(𝑠))− 𝑔(𝑠, 𝑢(𝑠), 𝑣(𝑠))|

1−𝛿

𝛿

𝑑𝑠 ⟶ 0 

For every𝜀 > 0 y 0 < 𝛿 < 1/2from the hypotheses (H1) (7) and(10). 

∫ |𝑓(𝑠, 𝑢𝑛(𝑠), 𝑣𝑛(𝑠)) − 𝑓(𝑠, 𝑢(𝑠), 𝑣(𝑠))|

[0,𝛿]∪[1−𝛿,1]

𝑑𝑠 ≤ ∫
𝑎𝜆1+𝜇1

(𝜂𝑟)𝜇1
𝑓(𝑠, 1,1 − 𝑠)

[0,𝛿]∪[1−𝛿,1]

𝑑𝑠 < 𝜀/4 

∫ |𝑔(𝑠, 𝑢𝑛(𝑠), 𝑣𝑛(𝑠)) − 𝑔(𝑠, 𝑢(𝑠), 𝑣(𝑠))|

[0,𝛿]∪[1−𝛿,1]

𝑑𝑠 ≤ ∫
𝑎𝜆2+𝜇2

(𝜂𝑟)𝜇2
𝑔(𝑠, 1 − 𝑠, 1)

[0,𝛿]∪[1−𝛿,1]

𝑑𝑠 < 𝜀/4 

For every𝜀 > 0  , ∀∃ 𝑛0 ∈ ℕsuch that𝑛 ≥ 𝑛0we have 

∫ |𝑓(𝑠, 𝑢𝑛(𝑠), 𝑣𝑛(𝑠)) − 𝑓(𝑠, 𝑢(𝑠), 𝑣(𝑠))|

1−𝛿

𝛿

𝑑𝑠 < 𝜀/4,∫ |𝑔(𝑠, 𝑢𝑛(𝑠), 𝑣𝑛(𝑠))− 𝑔(𝑠, 𝑢(𝑠), 𝑣(𝑠))|

1−𝛿

𝛿

𝑑𝑠 < 𝜀/4 

⟹ ‖𝑇1(𝑢𝑛, 𝑣𝑛)− 𝑇1(𝑢, 𝑣)‖ ≤ 𝜀.𝑇1(𝑢, 𝑣) is a continuous operator. With the same arguments it shows 

that 𝑇2(𝑢, 𝑣) is a continuous operatoron𝐵𝑅(0)̅̅ ̅̅ ̅̅ ̅̅ \𝐵𝑟(0). 

Proposition 4. Let0 < 𝑟 < 𝑅 . 𝑇: 𝐵𝑅(0)̅̅ ̅̅ ̅̅ ̅̅ \𝐵𝑟(0) ⟶ 𝐾is a compact operator. 

Proof. Let𝐵 ⊂ 𝐵𝑅(0)̅̅ ̅̅ ̅̅ ̅̅ \𝐵𝑟(0)be a bounded subset, it must be shown that𝑇(𝐵) is relatively compact. 

Assertion 1 :𝑇(𝐵) is uniformly bounded. 

Since𝐵 ⊂ 𝐵𝑅(0)̅̅ ̅̅ ̅̅ ̅̅ \𝐵𝑟(0)is a bounded subset, ⟹∃ 𝑀 > 0, such that‖(𝑢, 𝑣)‖1 ≤ 𝑀,∀(𝑢, 𝑣) ∈ 𝐵  

Then, by the Proposition 1, for𝑎 = 𝑀  ,𝑏 = 𝑀/𝜂𝑟 and each𝑖 = 1,2 ,we obtain 

𝑇𝑖(𝑢, 𝑣)(𝑡) ≤ 𝜌∫
𝑀𝜆1+𝜇1

(𝜂𝑟)𝜇1
𝑓(𝑠, 1,1 − 𝑠)

1

0

𝑑𝑠 + 𝜌∫
𝑀𝜆1+𝜇1

(𝜂𝑟)𝜇1
𝑔(𝑠, 1 − 𝑠, 1)

1

0

𝑑𝑠 = 

 

= 𝜌
𝑀𝜆1+𝜇1

(𝜂𝑟)𝜇1
[∫𝑓(𝑠, 1,1 − 𝑠)

1

0

𝑑𝑠 + ∫𝑔(𝑠, 1 − 𝑠, 1)

1

0

𝑑𝑠] 

Once again from (H1)(7) and (10) applied to the two integrals , we deduce that 

𝑇𝑖(𝑢, 𝑣)(𝑡) ≤ 𝜌
𝑀𝜆1+𝜇1

(𝜂𝑟)𝜇1
𝐶̃ ≤ 𝐶     ⟹   ‖𝑇𝑖(𝑢, 𝑣)‖ ≤ 𝐶 , 𝑖 = 1,2  , ∀ (𝑢, 𝑣) ∈ 𝐵  ⟹ 

‖𝑇(𝑢, 𝑣)‖1 = max
1≤𝑖≤2

‖𝑇𝑖(𝑢, 𝑣)‖ ≤ 𝐶 ⟹ 𝑇(𝐵) is uniformly bounded. 
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Assertion 2 :𝑇(𝐵) is an equicontinuous operator. We prove𝑇𝑖(𝑢, 𝑣) has a bounded derivative. 

𝑇1(𝑢, 𝑣)(𝑡) = ∫𝑈1(𝑡, 𝑠)

1

0

𝑓(𝑠, 𝑢(𝑠), 𝑣(𝑠))𝑑𝑠 +∫ 𝑉1(𝑡, 𝑠)

1

0

𝑔(𝑠, 𝑢(𝑠), 𝑣(𝑠))𝑑𝑠 

By substituting𝑈1(𝑡, 𝑠) and𝑉1(𝑡, 𝑠),we obtain 

𝑇1(𝑢, 𝑣)(𝑡) =
(1 − 𝑡)𝜉

1

𝜉
∫∫𝜎2(𝑡)𝐺(𝑡, 𝑠)

1

0

𝑑𝛽(𝑡)

1

0

𝑓(𝑠, 𝑢(𝑠), 𝑣(𝑠))𝑑𝑠 + 

+∫𝐺(𝑡, 𝑠)

1

0

𝑓(𝑠, 𝑢(𝑠), 𝑣(𝑠))𝑑𝑠 +
(1 − 𝑡)

𝜉
∫∫𝜎1(𝑡)𝐺(𝑡, 𝑠)

1

0

𝑑𝛼(𝑡)

1

0

𝑔(𝑠, 𝑢(𝑠), 𝑣(𝑠))𝑑𝑠 

By the definition of Green’s function𝐺(𝑡, 𝑠) 

∫𝐺(𝑡, 𝑠)

1

0

𝑓(𝑠, 𝑢(𝑠), 𝑣(𝑠))𝑑𝑠 = ∫𝑠(1 − 𝑡)

𝑡

0

𝑓(𝑠, 𝑢(𝑠), 𝑣(𝑠))𝑑𝑠 +∫𝑡(1 − 𝑠)

1

𝑡

𝑓(𝑠, 𝑢(𝑠), 𝑣(𝑠))𝑑𝑠 

Deriving with respect to the variable 𝑡and by Leibnitz’s rule, we have 

(∫𝐺(𝑡, 𝑠)

1

0

𝑓(𝑠, 𝑢(𝑠), 𝑣(𝑠))𝑑𝑠)

′

= −∫𝑠

𝑡

0

𝑓(𝑠, 𝑢(𝑠), 𝑣(𝑠))𝑑𝑠 +∫(1 − 𝑠)

1

𝑡

𝑓(𝑠, 𝑢(𝑠), 𝑣(𝑠))𝑑𝑠 

Then, deriving of the same way the operator  𝑇1(𝑢, 𝑣)(𝑡) with respect to t. 

𝑇1
′(𝑢, 𝑣)(𝑡) =

−𝜉
1

𝜉
∫∫𝜎2(𝑡)𝐺(𝑡, 𝑠)

1

0

𝑑𝛽(𝑡)

1

0

𝑓(𝑠, 𝑢(𝑠), 𝑣(𝑠))𝑑𝑠− ∫𝑠

𝑡

0

𝑓(𝑠, 𝑢(𝑠), 𝑣(𝑠))𝑑𝑠 

∫(1 − 𝑠)

1

𝑡

𝑓(𝑠, 𝑢(𝑠), 𝑣(𝑠))𝑑𝑠 −
1

𝜉
∫∫𝜎1(𝑡)𝐺(𝑡, 𝑠)

1

0

𝑑𝛼(𝑡)

1

0

𝑔(𝑠, 𝑢(𝑠), 𝑣(𝑠))𝑑𝑠 

Taking the absolute value on both sides of the equality, and applying Fubini 

|𝑇1
′(𝑢, 𝑣)(𝑡)| ≤

𝜉
1

𝜉
∫𝑓(𝑠, 𝑢(𝑠), 𝑣(𝑠))𝑑𝑠∫𝜎2(𝑡)𝐺(𝑡, 𝑠)

1

0

𝑑𝛽(𝑡)

1

0

+∫𝑠

𝑡

0

𝑓(𝑠, 𝑢(𝑠), 𝑣(𝑠))𝑑𝑠 + 

+∫(1 − 𝑠)

1

𝑡

𝑓(𝑠, 𝑢(𝑠), 𝑣(𝑠))𝑑𝑠 +
1

𝜉
∫ 𝑔(𝑠, 𝑢(𝑠), 𝑣(𝑠))𝑑𝑠∫𝜎1(𝑡)𝐺(𝑡, 𝑠)

1

0

𝑑𝛼(𝑡)

1

0

 

Since𝜎1 y 𝜎2are functioins of 𝐿∞(0,1) , there are positive constants𝑐1 y 𝑐2such that 

∫𝜎2(𝑡)𝐺(𝑡, 𝑠)

1

0

𝑑𝛽(𝑡) ≤ 𝑐2  , ∫ 𝜎1(𝑡)𝐺(𝑡, 𝑠)

1

0

𝑑𝛼(𝑡) ≤ 𝑐1 
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from (H1)  (7) and (10) applied to the previous inequality , we obtain 

|𝑇1
′(𝑢, 𝑣)(𝑡)| ≤

𝑐2𝜉1
𝜉

𝜌∫
𝑎𝜆1+𝜇1

(𝜂𝑟)𝜇1
𝑓(𝑠, 1,1 − 𝑠)

1

0

𝑑𝑠 +∫𝑠

𝑡

0

𝑎𝜆1+𝜇1

(𝜂𝑟)𝜇1
𝑓(𝑠, 1,1 − 𝑠)𝑑𝑠 + 

∫(1 − 𝑠)

1

𝑡

𝑎𝜆1+𝜇1

(𝜂𝑟)𝜇1
𝑓(𝑠, 1,1 − 𝑠)𝑑𝑠 +

𝑐1
𝜉
𝜌∫

𝑎𝜆2+𝜇2

(𝜂𝑟)𝜇2
𝑔(𝑠, 1 − 𝑠, 1)

1

0

𝑑𝑠 

|𝑇1
′(𝑢, 𝑣)(𝑡)| ≤

𝑎𝜆1+𝜇1

(𝜂𝑟)𝜇1
(
𝜌𝑐2𝜉1
𝜉

∫𝑓(𝑠, 1,1 − 𝑠)

1

0

𝑑𝑠 + ∫𝑠

𝑡

0

𝑓(𝑠, 1,1 − 𝑠)𝑑𝑠 + ∫(1 − 𝑠)

1

𝑡

𝑓(𝑠, 1,1 − 𝑠)𝑑𝑠)+ 

+
𝜌𝑎𝜆2+𝜇2

(𝜂𝑟)𝜇2

𝑐1

𝜉
∫ 𝑔(𝑠, 1 − 𝑠, 1)
1

0
𝑑𝑠 = |𝑇1

′ (𝑢, 𝑣)(𝑡)| ≤ 𝐶  ⟹ 𝑇1is equicontinuous 

In the same way, we get|𝑇2
′(𝑢, 𝑣)(𝑡)| ≤ 𝐶 ⟹ 𝑇2 is equicontinuous. Therefore by Arzelá-Ascoli’s 

theorem, we deduce that𝑇(𝐵) is relatively compact.  

Proposition 5. Let(𝑢, 𝑣)a positive solution of the system of second order differential equations (4)-

(6). Then, there exists𝑎 ∈ ℝ , such that0 < 𝑎 < 1and it holds 

{
𝑎(1 − 𝑡) ≤ 𝑢(𝑡) ≤

1

𝑎
(1 − 𝑡)

𝑎(1 − 𝑡) ≤ 𝑣(𝑡) ≤
1

𝑎
(1 − 𝑡)

           , 𝑡 ∈ [0,1] 

Proof. By the proposition 4, one has(𝑢, 𝑣) ∈ 𝐾\ {0}, consequently 

𝜂‖(𝑢, 𝑣)‖1(1 − 𝑡) ≤ 𝑢(𝑡)   ,   𝑣(𝑡) ≤ ‖(𝑢, 𝑣)‖1 

By choosing𝑎 = min {𝜂‖(𝑢, 𝑣)‖1,
1

𝑐
, 1/2}   ⟹ 𝑎(1 − 𝑡) ≤ 𝜂‖(𝑢, 𝑣)‖1(1 − 𝑡) ≤ 𝑢(𝑡) 

Let𝑏be a constantsuch that‖(𝑢, 𝑣)‖1/𝑏 < 1and𝑏 >
1

𝜂
.From the proposition 3, we have 

𝑢(𝑡) ≤ 𝜌(1 − 𝑡)∫ 𝑓(𝑠, 𝑏,
𝜂‖(𝑢, 𝑣)‖1

𝑏
(1 − 𝑠))

1

0

𝑑𝑠 + 𝜌(1 − 𝑡)∫𝑔 (𝑠,
𝜂‖(𝑢, 𝑣)‖1

𝑏
(1 − 𝑠), 𝑏)

1

0

𝑑𝑠 ≤ 

≤
𝑏𝜆1+𝜇1

(𝜂‖(𝑢, 𝑣)‖1)
𝜇1
𝜌(1 − 𝑡)∫𝑓(𝑠, 1,1 − 𝑠)

1

0

𝑑𝑠 +
𝑏𝜆2+𝜇2

(𝜂‖(𝑢, 𝑣)‖1)
𝜇2
𝜌(1 − 𝑡)∫𝑔(𝑠, 1 − 𝑠, 1)

1

0

𝑑𝑠 = 𝑐(1 − 𝑡) 

From the previous inequality, we get  𝑢(𝑡) ≤
1

𝑎
(1 − 𝑡)    , 𝑡 ∈ [0,1] 

With the same arguments, we show that 𝑎(1 − 𝑡) ≤ 𝑣(𝑡) ≤
1

𝑎
(1 − 𝑡)   ,   𝑡 ∈ [0,1] 
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Theorem 1 (Compression and expansion fixed point theorem) 

Let𝐾be a cone , Ω1 ,  Ω2two open and bounded subsets of a Banach space 

𝐸, such that0 ∈ Ω1  ,  Ω̅1 ⊂ Ω2and𝑇: 𝐾 ∩ (Ω̅2\Ω1) ⟶ 𝐾 a compact operator. Suppose one of the 

conditions is true 

C1) ‖𝑇𝑢‖ ≤ ‖𝑢‖ , ∀𝑢 ∈ 𝐾 ∩ 𝜕Ω1and‖𝑇𝑢‖ ≥ ‖𝑢‖ , ∀𝑢 ∈ 𝐾 ∩ 𝜕Ω2  or 

C2) ‖𝑇𝑢‖ ≥ ‖𝑢‖ , ∀𝑢 ∈ 𝐾 ∩ 𝜕Ω1   and‖𝑇𝑢‖ ≤ ‖𝑢‖ , ∀𝑢 ∈ 𝐾 ∩ 𝜕Ω2 

Then𝑇has at least a fixed point in 𝐾 ∩ (Ω̅2\Ω1).See Dajun,G. and Lakshmikanthan,V.(1988). 

Theorem 2. Suppose that𝑓 ∈ 𝐶0((0,1) × [0,+∞) × (0,+∞), [0, +∞)) , 

𝑔 ∈ 𝐶0((0,1) × (0,+∞) × [0, +∞), [0, +∞)satisfy the hypotheses (H1) and let 

𝜉1 = ∫ (1 − 𝑡)𝜎1(𝑡)
1

0
𝑑𝛼(𝑡)   , 𝜉2 = ∫ (1 − 𝑡)𝜎2(𝑡)

1

0
𝑑𝛽(𝑡)for 𝜎1 ,𝜎2 in 𝐿∞(0,1)such that𝜉1 > 0  ,

𝜉2 > 0 , furthermore 𝜉 = 1 − 𝜉1 . 𝜉2 > 0  and𝜆1 + 𝜆2 < 1 , 𝜇1 + 𝜇2 < 1 . Then there is only one  

positive solution(𝑢, 𝑣)of the differential system (4)-(6). 

Proof. i)Existence. Let0 < 𝑟 < 1 < 𝑅. By the proposition 4, the continuous operator 𝑇: 𝐵𝑅(0)̅̅ ̅̅ ̅̅ ̅̅ \

𝐵𝑟(0) ⟶ 𝐾 isa compact operator. By extension theorem of Dugundji(1951), we deduce that the 

operator 𝑇: 𝐵𝑅(0)̅̅ ̅̅ ̅̅ ̅̅ ⟶ 𝐾 is continuous and so that, it turns out a compact operator. Let(𝑢, 𝑣) ∈

𝜕𝑃𝑟    ⟹ 𝑟 = ‖(𝑢, 𝑣)‖1 ,using the inequality(19) in 

𝑈1(𝑡, 𝑠).𝑈1(𝑡, 𝑠) =
(1−𝑡)𝜉

1

𝜉
∫ 𝜎2(𝑡)𝐺(𝑡, 𝑠)
1

0
𝑑𝛽(𝑡) + 𝐺(𝑡, 𝑠) ≥ 

≥
(1 − 𝑡)𝜉1

𝜉
∫𝜎2(𝑡)𝑡(1− 𝑡)𝑠(1− 𝑠)

1

0

𝑑𝛽(𝑡)+𝑡(1− 𝑡)𝑠(1− 𝑠)≥ 𝜈(1− 𝑡)𝑠(1− 𝑠) 

𝑈2(𝑡, 𝑠) =
(1 − 𝑡)

𝜉
∫𝜎1(𝑡)𝐺(𝑡, 𝑠)

1

0

𝑑𝛼(𝑡) ≥
(1 − 𝑡)

𝜉
∫𝜎1(𝑡)𝑡(1 − 𝑡)𝑠(1 − 𝑠)

1

0

𝑑𝛼(𝑡) ≥ 

≥ 𝜈(1 − 𝑡)𝑠(1 − 𝑠) 

Hence, for all𝑡 ∈ [0,3/4], and each𝑖 = 1,2, we obtain: 
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𝑇𝑖(𝑢, 𝑣)(𝑡) ≥  ∫𝜈(1− 𝑡)𝑠(1 − 𝑠)

1

0

𝑓(𝑠, 𝑢(𝑠), 𝑣(𝑠))𝑑𝑠 ≥  
𝜈

4
∫ 𝑠(1 − 𝑠)

1

0

𝑓(𝑠, 𝑢(𝑠), 𝑣(𝑠))𝑑𝑠 

Since(𝑢, 𝑣) ∈ 𝜕𝑃𝑟we have 𝜂𝑟(1 − 𝑡) ≤ 𝑢(𝑡) , 𝑣(𝑡) ≤ 𝑟. Then, for every𝑡 ∈ [0,1] and𝑟 ≤
1

2
< 1. 

From the hypotheses about 𝑓, the previous inequality it turns out 

𝑇𝑖(𝑢, 𝑣)(𝑡) ≥  
𝜈

4
∫ 𝑠(1 − 𝑠)

1

0

𝑓(𝑠,𝜂𝑟(1 − 𝑠),1)𝑑𝑠 

By using the consequence 1 to the function𝑓 

𝑇𝑖(𝑢, 𝑣)(𝑡) ≥  
𝜈

4
(𝜂𝑟)𝜆1∫ 𝑠(1 − 𝑠)

1

0

𝑓(𝑠, 1 − 𝑠, 1)𝑑𝑠 = 

= (
𝜈

4
𝜂𝜆1 ∫ 𝑠(1 − 𝑠)

1

0
𝑓(𝑠, 1 − 𝑠, 1)𝑑𝑠) 𝑟−(1−𝜆1). 𝑟 ≥ 𝑟 = ‖(𝑢, 𝑣)‖1, for all 𝑟 such that 

0 < 𝑟 ≤ min

{
 

 

(
𝜈

4
𝜂𝜆1∫𝑠(1 − 𝑠)

1

0

𝑓(𝑠, 1 − 𝑠, 1)𝑑𝑠)

1

1−𝜆1

,
1

2

}
 

 

 

Let(𝑢, 𝑣) ∈ 𝜕𝑃𝑅    ⟹ 𝑅 = ‖(𝑢, 𝑣)‖1 ,using (20) for each 𝑖 = 1,2to the following operator 

𝑇𝑖(𝑢, 𝑣)(𝑡) =  ∫𝑈𝑖(𝑡, 𝑠)

1

0

𝑓(𝑠, 𝑢(𝑠), 𝑣(𝑠))𝑑𝑠 +∫𝑉𝑖(𝑡, 𝑠)

1

0

𝑔(𝑠, 𝑢(𝑠), 𝑣(𝑠))𝑑𝑠 ≤    

≤ 𝜌∫𝑓(𝑠, 𝑢(𝑠), 𝑣(𝑠))

1

0

𝑑𝑠 + 𝜌∫𝑔(𝑠, 𝑢(𝑠), 𝑣(𝑠))

1

0

𝑑𝑠 

Because(𝑢, 𝑣) ∈ 𝜕𝑃𝑅we have𝜂𝑅(1 − 𝑡) ≤ 𝑢(𝑡) , 𝑣(𝑡) ≤ 𝑅 , for all𝑡 ∈ [0,1] 

By using the hypotheses (H1) (8) and the consequence 2 (11) to 𝑓 and𝑔  respectively 

𝑇𝑖(𝑢, 𝑣)(𝑡) ≤ 𝜌∫𝑓(𝑠, 𝑅, 𝜂𝑅(1 − 𝑠))

1

0

𝑑𝑠 + 𝜌∫𝑔(𝑠, 𝜂𝑅(1 − 𝑠), 𝑅)

1

0

𝑑𝑠 ≤ 

≤ 𝜌(𝜂𝑅)−𝜇1 ∫𝑓(𝑠, 𝑅, (1 − 𝑠))

1

0

𝑑𝑠 + 𝜌(𝜂𝑅)−𝜇2 ∫𝑔(𝑠, (1 − 𝑠), 𝑅)

1

0

𝑑𝑠 

For𝑅 ≥ 1/𝜂 , it yields 

𝑇𝑖(𝑢, 𝑣)(𝑡) ≤ 𝜌∫𝑓(𝑠, 𝑅, (1 − 𝑠))

1

0

𝑑𝑠 + 𝜌∫𝑔(𝑠, (1 − 𝑠), 𝑅)

1

0

𝑑𝑠 
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For𝑅 ≥ 2 > 1 , applying the consequence 1 and 3to𝑓and  , we have 

𝑇𝑖(𝑢, 𝑣)(𝑡) ≤ 𝜌𝑅
𝜆1∫𝑓(𝑠, 1, (1 − 𝑠))

1

0

𝑑𝑠 + 𝜌𝑅𝜆2∫𝑔(𝑠, (1 − 𝑠), 1)

1

0

𝑑𝑠 ≤ 

≤ 1. 𝜌𝑅
max{𝜆1,𝜆2}(∫ 𝑓(𝑠, 1, (1 − 𝑠))

1

0

𝑑𝑠 +∫ 𝑔(𝑠, (1 − 𝑠), 1)

1

0

𝑑𝑠) = 

≤ 𝑅. 𝜌𝑅
−(1−max{𝜆1,𝜆2})

(∫ 𝑓(𝑠, 1, (1 − 𝑠))
1

0
𝑑𝑠 + ∫ 𝑔(𝑠, (1 − 𝑠), 1)

1

0
𝑑𝑠) ≤ 𝑅 = ‖(𝑢, 𝑣)‖1. For R 

𝑅 ≥ max

{
 

 

(𝜌∫ 𝑓(𝑠, 1, (1 − 𝑠))

1

0

𝑑𝑠 + 𝜌𝑑𝑠)

1

1−𝑚𝑎𝑥{𝜆1,𝜆2}

,
1

𝜂
, 2

}
 

 

 

Hence, applying the Theorem 1, the operator 𝑇: 𝐵𝑅(0)̅̅ ̅̅ ̅̅ ̅̅ \𝐵𝑟(0) ⟶ 𝐾has a fixed point(𝑢, 𝑣)in 

𝐵𝑅(0)̅̅ ̅̅ ̅̅ ̅̅ \𝐵𝑟(0)and so that one gets a positive solution in 𝐵𝑅(0)̅̅ ̅̅ ̅̅ ̅̅ \𝐵𝑟(0). 

ii) Uniqueness. Suppose that(𝑢1, 𝑣1) , (𝑢2, 𝑣2)are two positive solutions in 𝐵𝑅(0)̅̅ ̅̅ ̅̅ ̅̅ \𝐵𝑟(0)of the system 

(4)-(6). By the proposition 5. There exists𝑎, 𝑏 ∈ ℝ , (𝑎, 𝑏) ∈ (0,1) × (0,1)it holds 

{
𝑎(1 − 𝑡) ≤ 𝑢1(𝑡), ≤

1

𝑎
(1 − 𝑡)

𝑎(1 − 𝑡) ≤ 𝑣1(𝑡) ≤
1

𝑎
(1 − 𝑡)

           , 𝑡 ∈ [0,1] 

{
𝑏(1 − 𝑡) ≤ 𝑢2(𝑡) ≤

1

𝑏
(1 − 𝑡)

𝑏(1 − 𝑡) ≤ 𝑣2(𝑡) ≤
1

𝑏
(1 − 𝑡)

           , 𝑡 ∈ [0,1] 

Hence, 𝑢2(𝑡) ≤
1

𝑏
(1 − 𝑡) =

𝑎

𝑏𝑎
(1 − 𝑡) ≤

1

𝑏𝑎
𝑢(𝑡) 

𝑢2(𝑡) ≥ 𝑏(1 − 𝑡) =
𝑏𝑎

𝑎
(1 − 𝑡) ≥ 𝑏𝑎𝑢1(𝑡)⟹ 𝑎𝑏𝑢1(𝑡) ≤ 𝑢2(𝑡) ≤

1

𝑎𝑏
𝑢1(𝑡). In the same way 

𝑎𝑏𝑣1(𝑡) ≤ 𝑣2(𝑡) ≤
1

𝑎𝑏
𝑣1(𝑡) .Since , 𝑎, 𝑏 ≠ 1 , letting 

𝑆 = sup {𝑎 ;  𝑎𝑢1(𝑡) ≤ 𝑢2(𝑡) ≤
1

𝑎
𝑢1(𝑡) , 𝑎𝑣1(𝑡) ≤ 𝑣2(𝑡) ≤

1

𝑎
𝑣1(𝑡) , 𝑡 ∈ [0,1]} 

From the definition of supremum, we have 0 < 𝑎𝑏 ≤ 𝑆 < 1 , moreover 
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𝑆𝑢1(𝑡) ≤ 𝑢2(𝑡) ≤
1

𝑆
𝑢1(𝑡) ,   𝑆𝑣1(𝑡) ≤ 𝑣2(𝑡) ≤

1

𝑆
𝑣1(𝑡), 𝑡 ∈ [0,1] . Using H1, it yields 

𝑓(𝑡, 𝑢2(𝑡), 𝑣2(𝑡)) ≥ 𝑓(𝑡, 𝑆𝑢1(𝑡),
1

𝑆
𝑣1(𝑡)) ≥ 𝑆𝜆1+𝜇1𝑓(𝑡, 𝑢1(𝑡), 𝑣1(𝑡)) ≥ 𝑆𝜆𝑓(𝑡, 𝑢1(𝑡), 𝑣1(𝑡)) 

Where, = max{𝜆1 + 𝜇1, 𝜆2 + 𝜇2} , such that𝜆 < 1 , we obtain 

𝑢2(𝑡) = 𝑇(𝑢2, 𝑣2)(𝑡) = ∫𝑈1(𝑡, 𝑠)

1

0

𝑓(𝑠,𝑢2(𝑠),𝑣2(𝑠))𝑑𝑠 +∫ 𝑉1(𝑡, 𝑠)

1

0

𝑔(𝑠,𝑢2(𝑠),𝑣2(𝑠))𝑑𝑠 ≥  

≥ 𝑆𝜆 (∫𝑈1(𝑡, 𝑠)

1

0

𝑓(𝑠,𝑢1(𝑠), 𝑣1(𝑠))𝑑𝑠 +∫ 𝑉1(𝑡, 𝑠)

1

0

𝑔(𝑠,𝑢1(𝑠),𝑣1(𝑠))𝑑𝑠) = 

= 𝑆𝜆𝑇(𝑢1, 𝑣1)(𝑡) = 𝑆𝜆𝑢1(𝑡).With the same arguments, we obtain 

𝑣2(𝑡) ≥ 𝑆𝜆𝑣1(𝑡) , 𝑢1(𝑡) ≥ 𝑆𝜆𝑢2(𝑡), 𝑣1(𝑡) ≥ 𝑆𝜆𝑣2(𝑡) .Note that(𝑆, 𝜆) ∈ (0,1) × (0,1)  so that, 

one obtains a contradiction with the supremum 𝑆.Therefore we get the result. 

4. CONCLUSION 

We have achieved a result of existence and uniqueness through the Compression and 

expansion fixed point theorem. 
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