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Abstract

In this research, we explore the generalized h —Torsion and curvature structures in Finsler
spaces, specifically within the framework of the generalized U,-TRF, tensor field. By
deriving various expressions for these tensors, we reveal the relationships between the
generalized h —Torsion tensor and Cartan’s curvature tensor. This paper extends the

generalizedUy,-Trirecurrent Finsler space. Further, we obtain some relationships among

different curvatures tensors by using Cartan’s connection parameter [},. The results
contribute to the understanding of torsion and curvature in higher-order Finsler spaces and
may provide insights into advanced differential geometry and its applications in theoretical

physics.
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1.Introduction and Preliminaries

Finsler geometry is a generalization of Riemannian geometry, provides a powerful
framework for the study of curved spaces where the geometry is defined by a Finsler
function. Al-Qashbari et al. [6] have expanded on the concept of generalized Finsler spaces
with specific attention to U_(|h) —birecurrent and recurrent structures. In particular, they
introduced an extension of generalized U_(|h) —birecurrent Finsler space, emphasizing the
role of higher-order curvature tensors and their interactions with torsion structures.
Furthermore, Al-Qashbariet al.[5] explored the definition of recurrent Finsler structures,
incorporating higher-order generalizations through special curvature tensors, which provide a
deeper understanding of the curvature relations in these spaces. Similarly, Al-Qashbariet al.
[3] have contributed to the study of generalized K —recurrent Finsler space, focusing on
their extensions and developments of the torsion and curvature tensors. Their work highlights
the complex relationships between covariant derivatives and the generalized tensors used to
describe these spaces. The relationship between two curvature tensors in Finsler spaces have

been studied by [1]. Several theorems on curvature tensors obtained by [8 - 13].

Let us consider a set of quantities g;; (x, y)defined by [14]

(11 gylx,y)= %aiajFZ(x ¥,

whereg;; is positively homogeneous of degree zero in directional arguments.
(12) yi=g;y’.

The quantitiesg;; and g /¥ are related by

. 1 if i=k
glk = §k = ’
(1.3)  gyg” =9, {0 if ik

In view of (1.1) and (1.3), we get
(14) A6y = v, b) Sy =y' O Sgu=gp , Déy =5},
e) 8ig/k = g, f) 8i5) = 8} and g di=n.
The h-covariant derivative of the metric tensor g;;, the associate metric tensorg” , the
vectors y* and y; vanish identically, i. e.given by
(15) @ gye=0, b) gp=0, ¢ y{=0 and d) y;=0.
For an arbitrary vector field X¢, the h-covariant derivative differentiation with respect to x*,

defined above, commutes with the partial differentiation with respect to y’ according to [4,
14]
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(1.6) a) 9;(xf) —(9;x l’)lk =x"(9;r7%) — (0.X) P} ,
whereb) P, = (0,T)y" =T,y ™
The tensor K }'kh called Cartan's fourth curvature tensor is positively homogeneous of degree
zero iny* and defined by
(LK i, = T iy + (00T 74) Gt + Tt Tt = 0kt = (0T )Gl = e Ty
The K —Ricci tensorK j,and curvature scalar Kof the curvature tensor K }kh are given by
(1.8)  a) Kjy =—Khb) Khy =K,  OgFKy =K
andd) Hjikh = kah + ys(astikh)-
The tensor R}'khcalled Cartan's third curvature tensor, this tensor is positively homogeneous
of degree —1 in y‘and skew — symmetric in its last two lower indices k and h and defined by
(19)  Rjn = 0nljil + (0eT3) G + Gjm (0nGI" — GRIGE ) + Trn ™ — h/ ke
The tensor R}, satisfies the following
(1.10) a) R}kh == R}hkand b) Rijkn = rjRikn
The tensor jikh is called Berwald curvature tensor. It is positively homogeneous of degree
zero in y'and skew-symmetric in its last two lower indices and satisfies the following [2]
(1.11) a) Hjyp = —Hjpe b) Hj = Hjy, and ©) Hyy' =Hy.
The tensor U}, denoted the tensor [15,,by U}, and defined by
(1.12) jikh = jikh + (n—il) (‘%‘iGIZhr +y jrkhr) -
Also, the tensor j"kh is called h(v)- Curvature tensor, it is homogeneous of degree -1liny‘and
symmetric in its last two indices and satisfies the following [15]

(113) @) Ujip = U, b) Ujin¥" = Ujrey™ = Ujeand QUjyy’ = 0.

The Ricci tensor Uj, of the projective connection coefficients satisfies the following:

. 2
(1.14) a) ULy, = Uk, b) Uj’;m = Uj’;lk = Uy where ) Uy, = mckh,

where the tensor G, is Ricci tensor. Thetorsion tensorUj, satisfies the following

(115) a) Uy =U;; , b)U,=C, and Q) Uler = Cir -

The generalized Uy —recurrent space, generalized U —birecurrent space and generalized
U, —trirecurrent space introduced by [6, 7, 16] which Uj"kh satisfies the following conditions

(1.16) Ujikh,l = AlUjikh + #1(5;;91'11 - 5I§ngk) 'Ujikh # 0.
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(L17) Ul = WimUfin, + vim (89 jn - 4951.) -

(1-18)Ujikh,l,m|n = alanjikh + blmn(SIicgjh - aﬁgjk)-

Where £, and p; are non-zero covariant tensors fields of first order,w, = £, +
KKy and vy, = K, + 1y,,,are non-zero covariant curvature tensors fields of second order.
ANd Aimp = Wimn + WimAn and bynn = Wi iy + Uiy, @re non-zero  covariant - tensors
fields of the third order.

Let us consider a Finsler space F,which h(v) —curvature tensor U}kh satisfiesa generalization
generalized Uy, -recurrent Finsler space. i.e. satisfies the following condition [6]

(L19) Ul = MUfi, + 1 (8k9)n - 819 x) + irll(Uligjh ~Uigjx) » Ufn 0 .

where A;,4; and n; are non-zero covariant tensors field of first order.

Remark 1.1. If we instead of the division h(v) —curvature tensor U] by other division
curvature tensor in (1.19), we get new condition characterized a generalization

generalized U,,-recurrent Finslerspace.

Taking the h —covariant derivative of first order for (1.19) with respect to x™ using (1.5a),

we get

. . . . 1 . .
(1.20) Ujlkhulm = WimUjien + Vim(8Lgjn - 8Lgjn) + Zzlm(UIlcgjh_ ULgjx)

1 ) .
+ Zrll(U}ldmgjh ~Ulymjic) -

Where wy, = 4y, + 4id;m Vi = Al + lyyp, and Zpy, = N Ay + 1,N0N-ZE10 COVariant

lm

tensors of second are order and 1), is non-zero covariant vector of first order.

2. The Extension of GeneralizedU,— Trirecurrent Finsler Space

In this section we discuss a new development for the generalized U, -Trirecurrent
Finslerspace .ie., we extend the generalized Uj,-Trirecurrent Finslerspace which
characterized by the condition (1.18).

Taking the h —covariant derivative for (1.20) with respect to x™, we get

(2.1) Ujikh,”mm = WininUlen + Wim Ulinin) + Vimin (8LGjn- 61951
27min(Ugn- Ubg) + 3 7m U= Uagie)
+4Zlm|n kg]h hg]k +4Zlm k|ng]h h|ng]k

1 i i 1 i i
+Zrll|n(Uk|mgjh_ Uh|mgjk) + Zrll(Uk|m|ngjh - Uh|m|ngjk) :
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Using (1.19) in (2.1), we get

. . . . 1 . .
2.2 Uy ipmin = WiminUjkn + Wim[2aUjin + tn (619 jn= 0r9 1) + 0 (UG jn=Ungjic)]
i i 1 i i 1 i i
+ Vi (8Lgjn- 6L g i) + Zzlmm(ngjh_ ULgji) + Zzlm(Ukmgjh_ Upindjk)

o1 (UL mgin-Uj -)+1 (U} n - UL )
4_rll|n k|mgjh h|mg]k 4rll k|m|ng]h hlmlng]k .
Which can be written as

(2.3) Ujikh|l|m|n = Ay Ujn + bimn(8£Gjn - 619jk) + Cimn (UL Gjn— ULgji)

+iz (UL1n9jn-Uj -)+1e(Ui n=U} -)+l (U: n— Ut »
7 Zim kn9jh~ UnnYjk 7 6m kimYjn= Ynimdjk 4rlz kimin9djn~ Yrimn9jr )

Definition 2.1.A Finsler space F,which h(v) —curvature tensor U}khsatisfies the condition
(2.3), Where aimyn = Wimn + WimAn » Bimn = Wimln + Vimjn and Cpmy = i (Wintip +
Zimn) are non-zero covariant tensors fields of third order,z;,, ande;, = n;, is non-zero
covariant tensors of second order and r; is non-zero covariant vector of first order. This space
and tensor are called the generalization generalized U,;-Trirecurrent space and the tensor will
be called the generalization generalizedh —Trirecurrent tensor,we denote them briefly by
G*"U,-TRF, and G*"*h-TR, respectively.

Transvecting the condition (2.3) by y", using(1.2), (1.4b), (1.5¢) and (1.13b), we get

(2.4) Ujik|l|m|n = QUi + bimn (6LY; = ¥'9jk) + Clmn (ULy;- U'gji)

1 ) . 1 ) . 1 ) ,
+ Zzzm(quan— Uhgji) + Zeln(UIlquj_ Ulngjic) + Zrlz(demmy]' ~Ulnm8ji)

Where Ui y" = UL
Contracting the indices i and k in (2.3) and using (1.4c), (1.4g) and (1.14b), we get
(2.5) Ujnjijmim = @mnUjn + (0 = D)bymngjn + Cimn (U gjn= Upj) + izlm(Umgjh_ Unjin)

1 1
+Zeln(U|mgjh_ Uhj|m) +an(U|m|ngjh_ Uhjlmln):

where Ul = U and Uy gj, = Uy;.
Contracting the indices i and k in (2.4) and using (1.2), (1.4b), (1.4g) and (1.15b), we get
(2.6) Cj|l|m|n = alman +(n— 1)blmn3’j + Clmn(ij - Uj) + izlm(Umyj_ Uj|n)

1 1
+Zeln(U|myj - Ujlm) + an(Ulmlnyj - Ujlmln) ’

where Uy = U ,U"g; =U; and Cj, = C;.Thus, we conclude

(2]
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Theorem 2.1. InGZ”dU”- TRE,, the h(v) —torsion tensor jik,U—Ricci tensor Uj,and

curvature vector C; are given by (2.4), (2.5) and (2.6), respectively.

3.Some Relationships Among Curvature Tensors inGZ"dU” -TRF,
In this section we obtain some relationships among different curvatures tensors by using
Cartan’s connection parameter T';i. Let us consider a Finsler spaceF, which curvature

tensorUjikh satisfies the following condition

(3.1) Ujikh” = WU + 1(8k9jn - S1gj) + irll(Kligjh - Kigi), Upn %0 .

Taking the h —covariant derivative for (3.1) with respect to x™, using (1.5a), (1.8a) and put
Kigin = Kjikhvwe get

(3.2) Ujikh|l|m = WinUfen + vim (85950 - 6hg5) + %Zlijikh + irllKjikhlm :

Again, taking the h —covariant derivative for (3.2) with respect to x™, we get

. . . . . 1 .
(3.3) Ujlkh|l|m|n = WinnUjin + Wlm(Ujlkh|n) + Vlm|n(5ll<9jh— 8Lgjk) + Ezlm|n(Kjlkh)

1 ) 1 ) 1 ,
+ Ezlm(Kijhm) + Erllln(Kijhlm) + PR (Kjlkhlmln)'
Suppose that K. g, = Kji.nand using (1.8a) in (3.3), we get
. 1 . 1 . 1 .
(3-4) Ujlkh|l|m|n - ErllKijhlmln -5 eanjlkh|m - EZlijlkhm

= alanjikh + ClmnKjikh + bunn (6licgjh - 5iizgjk)-
Thus, we conclude

Theorem 3.1. InGZ”dU”— TRE,, the relationship between h(v) —curvature tensor U}khand
Cartan’s fourth curvature tensor Kjikh is given by (3.4).

Transvecting the condition (3.4) by y", using (1.2), (1.4b), (1.5c) and (1.13b), we get

. 1 . 1 . 1 )
Ujlk|1|m|n - Erll (Kjlkhlmln)yh - E €in (Kjlkhlm)yh - Ezlm (Kjlkh|n)yh

= alanjik + bymn (51in - yigjk) + Clmn(Kjikh)yh-
Suppose that K,y = K, in the above equation, we get

- 1 ; 1 ; 1 ;
BBV — 3 M (Kfkimin) =5 €m (Kfem) — > Zim (Kein

= Ui + bimn (6kyj - ¥'gjx) + Clmn(Kjik)'
Contracting the indices i and h in(3.4), using(1.4c), (1.49g), (1.8b) and (1.14b) we get

1 1 1
(3-6) Ujk|l|m|n - ErllKjklmln 3 6’anjk|m - Ezlijkm

= AmnUjk + bimn (1 -1) gjic + ComnKj -
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Thus, we conclude
Corollary 3.1.The equations (3.5) and (3.6) holdinG*"“U,, - TRE,.

Let us consider a Finsler spaceF,which h(v) —curvature tensorU}kh satisfies the following

condition

B.7) Uy = WUjen + w(8Lgn -6Lgu) + Zrll(Rllcgjh - Rigji), Un = 0.

Taking the h —covariant derivative for (3.7) with respect to x™ andx™ successively, using
(1.5a) and (1.10a), we get

(3.8) Ujlkh,”mm = Wlmanijh + Wi (Ujlkh|n> + vlm|n(8ll<gjh_ 5fllgjk) + Ezlmln(R}kh)

+ %Zlm(R}kh|n) + %nlln(R;khlm) + %rll (R;kh|m|n>’
where R gjn = R

Using (3.7) and (1.10a) in the above equation, we get
(B9) Ul ntimin — %flzR;kmmm - % emnRiinim — %szR;khm

= alanjikh + ClmnR]ékh + bimn (6licgjh - (Sfizgjk)-
Thus, we conclude

Theorem 3.2. InG?™¢ U~ TRE, the relationship between h(v) —curvature tensorUj"khand
Cartan’s third curvature tensor }kh is given by(3.9).

Let us consider a Finsler space F, which curvature tensor jikh satisfies the following

condition

(3.10) Ujikh,l = L Uhn + 1 (8Lgjn - Shgj) + %rll(Hlicgjh - Higjx), Ubp #0.
Taking the h —covariant derivative for (3.10) with respect to x™and using (1.5a), we get
B1) Upipm = WimUin + vim (8kgjn - 81.95e) + %Zlm(Hlicgjh_ Hi.gjx)
+%rll(Hli|mgjh - Hyymdjk) -

Suppose that H;. g, = H},,and using (1.11a) in (3.11), we get

(3.12) Ujikh,”m = Wi Ui + Vim(8Lgjn - 8Lgji) + %ZlmHjikh + %rllHjikmm :

Again, taking the h —covariant derivative for (3.12) with respect to x™, using (1.5c),(3.11)

and (1.11a) in the above equation, we get

(3-13) Ujnimin = WiminUfin + Wim [AnUjin + tn(8kgjn= 849 5) + n(Higjn— HiGjx )]

1 ) 1 . 1 , 1 .
+ EzlmmHjlkh + EzlmHjlkhm + ErllHjlkhlm + ErllH}kh|m|n .
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Suppose that Hy. g, = Hjy,, We get

. 1 . 1 . 1 .
(3-14)Ujlkh|l|m|n - Erll Hjlkhlmln S €in ;kh|m - EzlmH;khm
= alanjikh + ClmnHjikh + bimn (51igjh - 5ﬁgjk)-
Thus, we conclude

Theorem 3.3. InG*"U, -TRF,, the relationship between curvature tensor U}khand

Berwald’s curvature tensor Hj, 1S given by (3.14).
Contracting the indices i and h in (3.14), using (1.4c), (1.49) and (1.11b), we get
1 1 1
(3:15) Ujkupmin = 5 MiHjicpmin = 5 €mHjieym = 5 Zum Hjiepn
= alanjk + blmn(1 _n)gjk + Clmnij-
Transvecting the condition (3.15) by y*, using (1.2), (1.5¢) and (1.11c), we get
1 1 1
(3.16) Ujjupmpn — 5 iHjimm = 5 €mHjjm = 5 ZimHjn
= alanj + blmn(1 _n)yj + ClmnHj ’
where U, y* = U;.Thus, we conclude

Corollary 3.2.Theequations (3.15) and (3.16)holdinG 2*¢ U, - TRE,.

4. Conclusions
The introduction of generalization generalized U —Trirecurrent Finsler space has
significantly enriched the field of Finsler geometry. We obtained the relationships among

different curvatures tensors by using Cartan’s covariant derivative in G?2m¢ Uy, - TRE,.

Recommendations for Future Research
« Investigate the relationship among different curvature tensors in G2m¢ U,—-TRE,.
e Develop numerical methods for studying the properties of generalized U-Trirecurrent

Finsler space and generalization generalizedU,,—Trirecurrent Finsler space.
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