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Abstract:

This work analyses the perturbed Korteweg-de Vries (KdV)
equation, a third-order nonlinear differential equation that is
critical to understanding wave evolution. The emphasis is on
discovering and investigating the approximate Lie symmetries
and their associated conservation laws with this equation when
exposed to different perturbing functions. Using the partial
Lagrange approach, the study discovers approximate symmetries
and their related conservation laws for the perturbed KdV
equation. The goal is to identify particular perturbations that
Increase the number of approximation symmetries relative to the
original KdV equation, exposing previously unknown system
properties. The research involves adding various perturbations to
the KdV equation, detecting the resulting Lie symmetries, and
finding when the perturbed equation exhibits more symmetries
than its unperturbed counterpart.
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1. Introduction

We know that Differential equations (DEs) [1] are essential tools in modelling a vast array of
physical phenomena involving changes relative to one or more independent variables, and they are
broadly categorised into ordinary differential equations (ODEs) and partial differential equations
(PDEs). ODEs involve functions of a single independent variable and their derivatives, making them
instrumental in describing systems where changes occur with respect to a single factor, such as time,
and are used in simple dynamical systems, population dynamics, and basic physical systems like
particle motion under force. PDEs, involving functions of multiple independent variables and their
partial derivatives, are more complex and significant in fields such as mathematics, physics, fluid
dynamics, mechanics, and physical chemistry, modelling phenomena like heat conduction, wave
propagation, fluid flow, and electromagnetic field behaviour. Modelling PDEs under specific
conditions and constraints is crucial for effectively manipulating the phenomena they describe; for
instance, understanding fluid behaviour under different forces in fluid dynamics or describing wave
propagation and heat diffusion in physics. Perturbated partial differential equations (PDEs) [2] are
fundamental principles that define essential concepts in the mechanical and chemical engineering
disciplines. Third-order derivative perturbed PDEs are particularly useful in mechanical engineering
for understanding the dynamics of beam oscillations, stress distribution in complicated materials, and
the vibrational behaviour of mechanical systems.

Most real-world problems modelled by PDEs are inherently nonlinear, lacking
straightforward analytical solutions, and are tackled using various approximation methods and
techniques for high accuracy, such as numerical simulations, perturbation methods, and approximate
symmetry techniques [2-4]. Approximate symmetry methods, particularly valuable for nonlinear
PDEs, provide a systematic approach to finding approximate solutions by leveraging the symmetries
of the equations. Developed by Baikov et al. [5-7] in the 1980s, the method of approximate Lie
symmetry extends Lie’s theory by incorporating small perturbations, effectively uncovering hidden
structures within perturbed PDEs and contributing to the development of conservation laws. The
Korteweg—de Vries (KdV) equation [8], a well-known PDE modelling weakly nonlinear long-
wavelength waves, describes wave evolution due to the combined effects of weak nonlinearity and
dispersion. When perturbed, the KdV equation can be analysed using approximate symmetry
methods, allowing researchers to compute approximate symmetries and construct invariant solutions
associated with the perturbed equations. These methods offer several advantages, including the
identification of additional symmetries not apparent in the exact equation, facilitating the construction
of invariant solutions that provide deeper insights into system dynamics, and analyzing system
responses to changes through small perturbations to uncover new conservation laws [7, 9-11]. Despite
the complexity of computations and the need for careful interpretation of results, the application of
approximate symmetry methods remains a powerful tool in the analysis of nonlinear PDEs, offering a
pathway to understanding and solving complex dynamical systems more accurately.

Fractional-order partial differential equations (FPDEs) [12, 13] extend traditional PDEs by
incorporating non-integer derivatives, enhancing the modelling of complex systems with memory and
hereditary properties, such as viscoelastic materials and anomalous diffusion. These equations allow
for a more accurate representation of real-world phenomena in fields like mechanics, fluid dynamics,
and physical chemistry. For example, the Korteweg—de Vries (KdV) equation, which is a standard
PDE used to model wave propagation, can be extended to a fractional KdV equation to describe
waves with more complex, real-world characteristics. Similar to perturbation and approximate
symmetry methods used for nonlinear PDEs, these techniques also apply to FPDEs, aiding in the
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discovery of hidden symmetries and conservation laws, thus offering deeper insights and more precise
solutions for complex dynamical systems.

This research is designed to gradually investigate both exact and approximate symmetries, as
well as tconservation laws derived using them, within the setting of equation (1). Section 2 is devoted
to a careful examination of the exact symmetries and exact conservation laws, which provide
fundamental insights into the unaltered KdV equation. Moving on, Section 3 digs into the methods
designed expressly to address the approximation features of the KdV equation, which are critical
when perturbations are applied. This section gives a thorough discussion of the technique,
emphasising the changes required to efficiently manage these approximation components. Section 4
applies the previously mentioned technique to several scenarios of the perturbed KdV equation,
examining each scenario to obtain the associated conservation laws and proving the method's practical
use and relevance. Finally, Section 5 concludes the study by summarising the important findings and
emphasising the research's significant insights and contributions to the larger knowledge of nonlinear
wave processes.

2. Lie Symmetries of KdV Equation

The symmetries examined in this study [14, 15], are detailed as follows: The focus is on the
Korteweg—de Vries (KdV) equation, which is a third-order nonlinear partial differential equation that
can be expressed as follows:

Ve — 6YYx + Yxxx = 0. (1)

This equation describes the evolution of long, shallow water waves and is a fundamental model in the
study of nonlinear wave phenomena [16]. The KdV equation showcases both the effects of nonlinear
interactions and dispersion, making it a pivotal subject in mathematical physics. Understanding its
exact symmetries and conservation laws is crucial for analyzing the behavior of solutions and
developing effective analytical and numerical methods for perturbed systems. The exploration of
these symmetries aids in revealing deeper insights into the dynamics represented by the KdV
equation.

We define a Lie symmetry generator for equation (1), which takes the following look:
A a 2 a d
X_E (X,t,y)aﬁ'f (x't'}’)E‘FU(x;t;J’)@- (2)

The highest order of our equation (1) is three, so we extend the symmetry generator in equation (2) to
third prolongation.

8 = g19 4 g9 ,,9 2 9 9
x E Ix + f ot + n ay + r’t ayt + r’x ayx + ‘r’xx ayxx 3
R I @)
nxt ayxt r]tt aJ’tt r’xxx ayxxx .

By applying symmetry generator in equation (3) on equation (1),

XB] (Yt - 6yyx + Yxxxx) =0, (4)

we obtain
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Nt — 6yNyx — 6NYx + Nyxx = 0. (5)

The expanded form of equation (4) is
[ne — & ye + (ny = EB)ye — Eyxye — E2yyE] — 6y[nx + (1y — E)yx — E2ye — &3y — 23]
—6nYy + 122 + (30yxx — &) Ve — EoxxVe + (BMyyx — 3Exy)
VE = 382 yxye + (3Myx — 38k )Vex — 3E2Vxe + (Myyy — Epyx )V ©)
=382, 2y + (31yy — 9852 ) VxVrx — 682y YxVxe — 3E5xVeVax + (My — 3E%)Vaxx
=38 Yxxt = SyyyVe — $oyyYiVe = 685y Vi Vaxx — 385y Vi Vxt — 3&5y Vx Ve Vxxx
40y Y Yxxxx — 3&5VxYxxt = 3&yVix — 385 VuxVxt — 5 VeVxxxx = 0.

When we substitute equation (1) in equation (6), we get the following equations:
e = &y + (ny = &8 )ye — &yaye = §5yE — 6nye = 6y[nc + (1y = ED)ye — E2ve — &V — vt
+77xxx + (anxy - f;xx)Yx - f}%xth + (377xyy - 353%301)3’3?
_Bfagxyyxyt + (3nxy - 359%x)3’xx - 3§£xyxt + (nyyy - fa%yy)y;’ - 3‘59%31313’9?3’1‘ (7)
+(377yy - 95%y))’x3’xx - 6§£nyYxt - 3§£yytyxx + 6Y(77y - 353%)3’95 - (r]y - 369%)3’!:
_3€§yxxt - f}lzyyy;c} - f}%yyYJ?Yt - 65311yy9?yxx - 3532/3/373?373& - 35321ny3’th9¢9¢
=248y y5 + 48 Va Ve — 385 VaYaxe — 38y Vix = 385 VxxVae — 6¥EYaVae + E3yE = 0.

All derivative terms of y are independent in equation (7). When we compare the coefficients of
derivative terms of y, we get the following equations and monomials, as shown in Table 1.

Table 1: The exact symmetries of equation (1).

Coefficients Monomials
Ne = 6YNx + Nyzx = 0 1
_ftl — 61 — 6y77y - 5;3% + 377xxy - f)%xx + 6y77y - 3533% =0 YVx
_5;31/ + 63’53% - 3§J%xy + 45311 =0 Yt
ny_'ft2+6ya%_§3%xx_r)y_3fa%:0 Ve
_53% + fy = Ytz
6}’531/ + 3Nxyy — Bfa%xy - 243’6311 =0 YJ?
3Nxy — 38 =0 Vxx
—38x = YVxt
Myyy — §ayy =0 Yi
_359%3/3/ =0 YJ?Yt
377yy - 95}%}/ =0 VaVxx
_653331 - 63’53% =0 VxYVxt
_359%3/ =0 VtYxx
—382=0 Yxxt
f)lzyy =0 y;cL
f}ziyy =0 y)?yt
f}liy =0 y)?yxx
532131 =0 y;?yxt
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5}%}1 =0 VaYVtYVxx
5}% =0 VxYVxxt
& =0 Vi

E)% =0 VxYxt

From the Table 1 we get the set of PDEs that are required which are listed as follows:

& =0,
& =0,
& =0,
3¢ — & =0.

Form equation (11),

fa%x =0,

= Nxxy = S(;xxr

= Nxxy = 0,
-1

n =—& — 2y

As we know

1

&x =380,

hence,
1 2

n = —gftl - §th2,
1 2

Nt = —gftlt _§y'>;t2t'
1 2

Ny :_gfa%t_gyftzx'

Nexx =0,

ftlt =0,

'ftzt =0.

Suppose

&? = F(¢),

= Ftt(t) = 0

When we solve above differential equation in equation (17), we get

(8)

(9)
(10)

(11)

(12)

(13)

(14)

(15)

(16)

(17)
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= F(t) =,
=>F(t) =cit+ec,.

(18)
We get first general solution, which is:
&2 = ¢yt + cy. (19)

From equation (11),

3¢y =& =0,
& =0=¢& =G, (20)

1
& =35

substitute the value of &2 from equation (18)
=z (21)

When we solve equation (20) by taking integration w.r.t. x, we get

=&l = éclx + H(t),
=& = Hye(t) = 0, (22)

=4 H(t) = C3t + Cy.
Finally, we obtain our next solution, which is:
&t =§c1x+c3t+c4. (23)
We use first equation from equation (14), which gives us the following solution:
1 2
n=-—5-30) (24)

The Lie symmetry generators in (2) gives the following Lie symmetries for equation (1) are by using
constants c;, i = 1,2,3,4, given in Table 2.

Table 2: Lie symmetries of equation (1).

Lie symmetries

10 3 273
173 %x T e T 375y
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3. Approximate Lie Symmetries of Perturbed KdV equation

This section outlines the development of a different way to find the approximate symmetries
[2] of equation (1) that is perturbed with the function p(x, t, y(x, t), y(t,x)) and defined as:

Ve — 6YYx + Yaxx + ep(x, t,y(x,t) =0, (25)

where ¢ is a small parameter that introduces the necessary perturbation to the KdV equation. We write
separately both exact and approximate components of equation (25) are

Ee =Vt — 6YYx + Vxxnr (26)
& =p(xty(x, 1)

Equation (25) can be written in the following compact form
Eet+eEp=0. (27)

On the same way, we write the exact and approximate Lie symmetries as in the following new form

X =X+ €Xp. (28)
Here,

a d d
Xe =858 5T Me 5 (29)

Represents the exact part of Lie symmetry generator, and

7] a a
Xp =S5t oot gy (30)

dx
is the approximate part of the Lie symmetry generator. Moreover, ¢!, €2, and n are the unknown
functions which are depending on x,t, and y, respectively. We use the generator X defined in
equation (28) on equation (27), we have

(X + ex,) (€ + €8,) =0, (31)
that gives
Xee + e(XpEe + XpEp) + 0(e2) = 0. (32)

The comparison of coefficients of £° and &', respectively, yields the exact and approximate
symmetries of the corresponding PDEs as in the following:

X,E, =0,

33
XpEe + XoEp = 0. (33)

This equation also shows the approximate Lie symmetries, which will be used to find thefunction
p(x, t,y(x, t)) [14, 17] as well as assist in deriving the approximate conservation laws associated with
the KdV equation’s dynamics.
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4. New method to find approximate Lie Symmetries and Conservation Laws

We use a newly developed method to get the approximate symmetries and this method
discusses the different cases to find the associated conservation laws of the following perturbed KdV
equation [9, 18, 19],

Yt = 6YYx + Yuxx + EP(X, Y, T, 6, T, Ty Xes X)) = 0. (34)

By utilizing the method outlined in [20-22] for expanding y, and we have
y =y + et (35)

Using this expansion in equation (34),

(Xt + S‘L’t) - 6()( + ET)(Xx + ETx) + (Xxxxx + STxxx) = sp(x, YTt Tt'Tx'Xt'Xx)v
Xt + ETy — 6)()(9( - 6€XTx - 6€TXx - 6$2TTx + Xoxxx + ETxxx = Sp(x, T, t, Tt'Tx'Xt'Xx)' (36)
(Xt - 6)()(x + Xxxx) + E(Tt - 6XTx - 6TXx + Txxx) + 32(_6TTx) = Sp(x, T t, Tt'Tx'Xt'Xx)-

Equation (36) can be written in the following form by neglecting higher order terms of ¢
Ae +eh, = 0. (37)
When we compare the coefficients of € and £! in equation (36), we get the following system

Nei= Xt — 6XXx + Xxxx =0,

38
Ap: =T¢ — 6Ty — 6TXx + Tyxx — DXV, T, 1, T, Toy Xes Xa) = O. (38)
The approximate Lie symmetry operator/generator is written as
X =Xe+eX,=0. (39)
Here,
fe Ee e+ fe
6x at 6)( 61’ (40)
f?’ ox EP 6t Pa;{ fp ot’
Applying the Lie generator,
X(A, + €Ay) =0, (41)
(X + €X,) (A + Ay)
which gives us
Xehe + £(XpAe + XoAy) +0(e2) =0,
XA, =0, (42)

Xpho + XA, =0,

Let us now go over the following scenarios in further depth.
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Case I
Let, we define

P, Y, T, t, T, Ty Xes Xx) = —Xe — Tt (43)

We get the following system of determining PDEs from equation (38),

§ =0, §3=0, §&=0
§¢=0, &=0, §=0,

3 -2 a4
=0, & =5 n=xi, 44
= —2g
3
As
8% _
ax 0,
2
9% _p, (45)
ot
8% _
ax 0,

this suggests that &2 depends solely on t. As a result,
= 0. (46)

By integrating this equation twice with respect to t, we obtain

fz = C1t+C2, (47)
and also,

o0&t _

5 =0

9 1

% =0, (48)
gt

o =0

which shows that &1 is the function of x alone. Therefore,
% _lezy (49)
ox 3 )

Putting the value of 2 in equation (49), we get

4 _1

or = 31 (50)

Integrating equation (50), we get

&t =§clx+c3. (51)
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Now,

n=—=x&. (52)

2n

Putting the value of " & " in equation (52),

2
n=-3zXxa. (53)
By taking

1 22
§t = —gft T, (54)
and putting the value of " 2 " in equation (54),

1 2
&= -3t (55)
Therefore,

El=§c1x+c3, &2 =cit+ ¢y,
2 L -2 (56)
n==Xxn §t = 3 at

When we use constants ¢;, i = 1,2,3, we get the approximate Lie symmetries, which aregiven in
Table 3.

Table 3: Approximate Lie symmetries of equation (34).

Approximate Lie symmetries

. _1 0 0 29 20
1T 3% T ot T 39c 340y
0
27 ot
0
37 ox

4.1. Conservation Laws of Perturbed KdV equation

We find the conservation laws of equation (34) in the following ways:

xl(l/)(x'y' T, t' Tt'Tx'Xt'Xx)) = 0,

1 0 a 20 2 @
(axa“a—ga—gxa)lp—o' -
1 2 2 57
3Xx b — S —Sx Py =0,

ax _de__dar__—3dy _dv

x ot (-2/3) 2 x o0

©2024 Published by GLOBAL PUBLICATION HOUSE |International Journal of Mathematics
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Now, by taking

—2..,_1
n= 3 ax 6641
51 = 6C3T+C3,
52 = C1t+C2,
1
&t =zcx + ot + s

(64)

Using the ¢;,i = 1,...,5, we get approximate Lie symmetries and their associated conservation laws

that are given in Table 4.

Table 4: Approximate Lie symmetries and associated conservation laws.

Approximate Lie symmetries Associated conservation laws
1 0 a 2 0 x3 3 3
Xy=sx—+t——=x=— == 2
1T3%x T 9 3% ay Y=+ +ix2
X =i Yo = X070 Te, Ty Xes X
27 ot
X3 = 6T + 1i V3 = 9%, Y, 6T, T Xoo Xx
3 ot
Jd 10 X
Xy=t——=— Y, =—+6y
* Jx 60y t
Xe = i ll)S = hy'T' t, Tty T Xt Xx
> ox

Case 3.
In this case, we define

Y, T8 Te, Ty X Xx) = —Txe (65)

From equation (38), we get after comparing the coefficients of €° and €?,

Xt — 6)XXx + Xaxx =0, (66)
T — 6Ty — O6TXy + Toxx — Tx = 0.

We find the following system of determining equations:
fgzo' ft}tzo' g)l{z(),

51
f,%=0, f‘:rlz?' g‘:rL:Or

§x=0,8=0 =0,
-1

(67)

We get following solution

©2024 Published by GLOBAL PUBLICATION HOUSE |International Journal of Mathematics
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77 - ?Cl,

& =, (68)
EZ = Cy,

51 = Clt + Cy.

The approximate Lie symmetries and their associated conservation laws for Case 3 are presented
below.

Case 4
In this case, we take

PG Y, T8 Te, Ty Xt Xx) = XT, (69)
the system of equations (38) will take the following form

Xt — 6XXx + Xxxx =0,

T —6YTy — 6T)y + Tyxy + T =0. (70)

Applying equation (39) to equation (70), we get the following set of PDEs:

=0, 8 =218, & =0,
1
gl=0,82=08=5%,

T

6315:0, €x=01 E){= , (71)
)1(=0' $t=0, ¢ =0,

1
n=--&.

The above equations yield

fl = C1t+C2,
§% =c,
-1
v (72

1
&= STCit + .

We get the approximate Lie symmetries and their associated conservation laws of Case 4 by applying
conditions on constants c;.

Case 5
Let, we define

p(x' ST Tt'Tx'Xt'Xx) =1 (73)
and we get the following the system

Xt — 6XXx + Xxxx =0,

T — 6Ty — 6TYx + Tyxx — T = 0. (74)

Applying equation (39) to equation (74) gives the following set determining of PDEs:

©2024 Published by GLOBAL PUBLICATION HOUSE |International Journal of Mathematics 12
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§ =81 §=0,§=0,
51
5)1(:0, E‘g :?, Etzt:()’

1 2 1 _1z2 (75)
$x =0, €X=O' $x =§Et
§&=0,¢=0.

Solving the above equations, we get

&t =%+tc3 + ¢4,

2

= c1t + ¢y,

$ 1 2 (76)

-2 1
n=Zxetc - Lelcs,

& = 1(cet + cg).

Finally, we find approximate symmetries and associated conservation laws of Case 5 when we apply
conditions on c;.

Case 6
We assume that

POGY T8 Te, Ty Xt Xa) = —TXts (77)
then the system of equations (38) take the following form

Xt — 6XXx + Xxxx =0,

78
T — 6Ty — 6TXx + Taxx —TXt = 0. (78]

Applying equation (39) to equation (78) results in the following set of PDEs:
sz:O' ftlz(), 5)1{:0,

1 1_ &
é&z =0, 6‘527: S;)(: ’
§2=0,8=0, ¢ =0,
§4=0,¢=0.

(79)

When we solve the above set of equations, we find the following solutions

ElzCS'
2_¢,
n=0, (80)
&l =¢t.

As a result, we get approximate Lie symmetries and their conservation laws of Case 6 with the help
of conditions on c;.
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Table 5: Approximate Lie symmetries and associated conservation laws.

Approximate Lie symmetries Associated conservation laws
1 0 0 Jd 2 0 x3 3 3
x1=§Xa+ta+Tta—§ a ¢1:T+x3+x3xz+et‘[+t)(2
x =2 V2 = 0,06 T0, T Xoo Xx
, =
Jat
_0_ 19 hs =x+ Oy
37 9x 60y
x -9 Vs = gV, T 6 T, T Xoo Xx
L=
dx
xg_r% Ws = hx, Y, 6, Te, Ty Xo X

Table 6: Approximate Lie symmetries and associated conservation laws.

Approximate Lie symmetries Associated conservation laws
x 1 0 by 0 290 x3 , 3 , 3 3
= —-X— e — —_—
1=3%50 3t 391 [ " + x°e2t + x°y2 + te2t
2 0 . 3 .
— =X 2
345y +tyz + ye
X :i ll)Z :fx'y'T'Tt'Tx'Xt'Xx
27 ot
XS — i l/}?) =9y,7T t'Tt'Tx'Xt'Xx
d0x

Table 7: Approximate Lie symmetries and associated conservation laws.

Approximate Lie symmetries Associated conservation laws
X :—li+ti lplze_Gx/t
17 T 6ox ot
X, = x— Y2 = YT 0T T X Xx
z O0x
Xa2=17— l/J3 =gx’y't'Tt'Tx'Xt'Xx
3 ot
X, = i 1/)4_ = hx»}’; T, T, T Xto Xx
* 7ot
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Table 8: Approximate Lie symmetries and associated conservation laws.

Approximate Lie symmetries Associated conservation laws
d 1 a0 10 X6 x
X, =t—+—-Tt— — —— Y, =et/t°+1eX +—+ 6
1T 9% 6 ot 6oy ! t
x =2 V2 = Y0070 T Xeo X
27 ox
=2 Y3 = g%, Y, T, T, Ty X Xx
37 ot
X4 — Ti ¢4- = hx,y, tth'Tx'Xt'Xx
ot

Table 9: Approximate Lie symmetries and associated conservation laws

Approximate Lie symmetries Associated conservation laws
X, _Ti Y1 = XY 6T, T, Xeo X
ot
P Y2 = 9%,Y,T,Te, Ty Xt Xx
, =
Jt
Xa = i Y3 = hy, T, t, Te, T, Xt X
7 ox

5. Conclusion

The third-order nonlinear KdV equation (1) is often used to simulate wave behaviour on the
surface of shallow water. It has four fundamental Lie symmetries, which are outlined in Table 2 of
this work. However, this study goes a step further by using approximation symmetry technigues to
find other classes of the KdV equation that have more symmetries than the original, unperturbed form.
Various exact perturbations to the KdV equation were used to identify the appropriate Lie
symmetries. Notably, two major classes of perturbed KdV equations were found, each with five Lie
symmetries. Tables 2, 4, and 5 show the symmetries and related conservation rules. In these tables, an
additional symmetry was discovered, resulting in an additional conservation law, which reflects
hidden information inside the system revealed by the perturbation process. This occurrence indicates
that, while symmetry may not exist in the exact equation, perturbation can cause the equation to
accept such symmetry. This impact is seen by comparing Tables 2-6. Table 1 identifies the
determining PDEs that specify the collection of Lie symmetries for the given PDE. The precise PDE
in Table 2 permits four Lie symmetries, however Tables 3 and 6 show just three, suggesting a loss of
one symmetry (and one conservation law) in those circumstances.Tables 7 and 8 show four Lie
symmetries, indicating that all conservation laws are restored in these cases. Finally, Table 9
summarises the Lie symmetries and their accompanying conservation laws, emphasising the complex
link between symmetries and conserved values within the setting of the KdV equation.
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