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Abstract 
  
The binary quadratic equation represented by the negative pellian 48 22  yx is 

analyzed for its distinct integer solutions. A few interesting relations among the solutions are 
given. Further, employing the solutions of the above hyperbola, we have obtained solutions of 
other choices of hyperbolas, parabolas and special Pythagorean triangle. 
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1.Introduction 

 Diophantine equation of  the form 122  Dxy , where D is a given positive 

square-free integer is known  as pell equation and is one of the oldest Diophantine equation 
that has interesting mathematicians all over the world, since antiquity, J.L. Lagrange  proved 

that the positive pell equation 122  Dxy has  infinitely many distinct integer solutions 

whereas the negative pell equation 122  Dxy does not always have a solution.  In [1], an 

elementary proof of a centerium for the solvability of the pell equation 122  Dyx  where D 

is any positive non-square integer has been presented. For examples the equations 

13 22  xy , 47 22  xy have no integer solution whereas 154 22  xy , 1202 22  xy

have integer solutions. In this context, one may refer [2-18]. More specifically, one may refer 
“The on-line encyclopedia of integer sequences” (A031396, A130226, A031398) for all values of 

D for which the negative pell equation 122  Dxy is solvable or not. In this communication, 

the negative pell equation given by is considered 48 22  yx  is considered and infinitely many 

integer solutions are obtained. A few interesting relations among the solutions are presented. 
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2. Method of Analysis: 

 The Diophantine equation under consideration is  

                     4282  yx                                     (1)                                                         

The smallest positive integer solution ),( 00 xy of (1) is 

                             2,1 00  xy  

To obtain the other solutions of (1), consider the pellian equation 

                             18 22  yx                             (2) 

whose  general solution )~,~( nn xy is given by 

                 
    nf

nn
nx

2

11
83

1
83

2

1~ 




 



  

                    
    ng

nn
ny

82

11
83

1
83

82

1~ 




 



  

Applying  Brahmagupta lemma between the solutions  ),( 00 xy  and )~,~( nn xy , the general 

solution ),( 11  nn xy of  (1) is found to be 
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Thus, (9) and (10) represent the integer solutions of the hyperbola (1). 

A few numerical examples are given in the following Table 1: 

 

Table 1: Examples 

 

 

 

 

n  1nx  1ny  

-1 2 1 

0 14 5 

1 82 29 

2 478 169 
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The recurrence relation satisfied by the values of  1nx  and 1ny are respectively 

.....1,0,1,06 123   nxxx nnn  

  .....1,0,1,06 123   nyyy nnn  

 

 A few interesting relations among the solutions are given below: 
 

 083 121   nnn yxx  

 083 221   nnn yxx  

 08173 321   nnn yxx  

 04817 131   nnn yxx  

 04833 231   nnn yxx  

 04817 331   nnn yxx  

 03 112   nnn yxy  

 0176 113   nnn yxy  

 0173 213   nnn yxy  

 0317 321   nnn yyx  

 08317 132   nnn yxx  

 083 232   nnn yxx  

 083 332   nnn yxx  

 03 122   nnn yxy  

 0363 123   nnn yxy  

 03 212   nnn yyx  

 03 223   nnn yxy  

 03 322   nnn yyx  

 0317 132   nnn yxy  

 0617 133   nnn yxy  

 083 232   nnn yxx  

 03 233   nnn yxy  

 03 323   nnn yyx  

 

 Each of the following expressions represents a cubical integer 

     123343 1023102
4

1
  nnnn xxxx  
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     133353 5823582
24

1
  nnnn xxxx  

     113333 4163416
4

1
  nnnn xyxy  

     123343 281632816
12

1
  nnnn xyxy  

     133353 16416316416
68

1
  nnnn xyxy  

     234353 581035810
4

1
  nnnn xxxx  

     224343 288032880
4

1
  nnnn xyxy  

     1234353 16480316480
12

1
  nnnn xyxy  

     315333 446434464
68

1
  nnnn xyxy  

     325343 28464328464
12

1
  nnnn xyxy  

     335353 1644643164464
4

1
  nnnn xyxy  

     214333 4283428
4

1
  nnnn yyyy  

     315333 416434164
24

1
  nnnn yyyy  

     325343 28164328164
4

1
  nnnn yyyy  

 
 Each of the following expressions represents Biquadratic integer:   

 

 
 

    321024408
4

1 2
1544542

  nnnn xxxx  

 
 

    3241641664
4

1 2
1144442

  nnnn xyxy  

 
 

    28828164336192
12

1 2
1244542

  nnnn xyxy  

 

 
 

    325810423240
4

1 2
2354642

  nnnn xxxx  
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 
 

    288480448960
12

1 2
2154442

  nnnn xyxy  

 
 

    3228804112320
4

1 2
2254542

  nnnn xyxy  

 
 

    2881648041968960
12

1 2
2354642

  nnnn xyxy  

 
 

    92484464427231552
68

1 2

3164442
  nnnn xyxy  

 
 

    2882846443365568
12

1 2
3264542

  nnnn xyxy  

 
 

    3216446446561856
4

1 2
3364642

  nnnn xyxy  

 
 

    32428416112
4

1 2

2154442
  nnnn yyyy  

 
 

    115241644963936
24

1 2

3164442
  nnnn yyyy  

 
 

    32281644112656
4

1 2
3264542

  nnnn yyyy  

 
 Each of the following expressions represents a Nasty number:   

 

   482496
4

1
2222   nn xy  

   14416896
12

1
2232   nn xy  

   81698496
68

1
2242   nn xy  

   4834860
4

1
3242   nn xx  

   14424480
12

1
3222   nn xy  

   48168480
4

1
3232   nn xy  

   144984480
12

1
3242   nn xy  

   816242784
68

1
4222   nn xy  
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   489842784
4

1
4242   nn xy  

   4824168
4

1
3222   nn yy  

 
  48168984

4

1
4232   nn yy

 

3. Remarkable Observations: 

3.1. Employing linear combinations among the solutions of (1), one may generate integer 
solutions for other choices of hyperbola which are presented in Table 2: below 

      Table 2: Hyperbolas 

 

3.2. Employing linear combination among the solutions for other choices of  parabola which are 
presented in Table 3: below 

 

S.No Hyperbolas  nn YX ,  

1 5128 22  nn YX   2112 428,102   nnnn xxxx  

2 184328 22  nn YX   3113 4164,582   nnnn xxxx  

3 5128 22  nn YX   1111 3216,416   nnnn yxxy  

4 46088 22  nn YX   2112 3280,2816   nnnn yxxy  

5 1479688 22  nn YX   3113 32464,16416   nnnn yxxy  

6 5128 22  nn YX   3223 28164,5810   nnnn xxxx  

7 5128 22  nn YX   2222 22480,2880   nnnn yxxy  

8 46088 22  nn YX   3223 224464,16480   nnnn yxxy  

9 1479688 22  nn YX   1331 131216,4464   nnnn yxxy  

10 46088 22  nn YX   2332 131280,28464   nnnn yxxy  

11 5128 22  nn YX   3333 1312464,164464   nnnn yxxy  

12 5128 22  nn YX   1221 8016,428   nnnn yyyy  

13 184328 22  nn YX   1331 46416,4164   nnnn yyyy  

14 5128 22  nn YX   1332 46416,28164   nnnn yyyy  
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Table 3: Parabolas 

 
SL.NO 

 
     Parabolas 

 

                              
 nn YX ,  

  51232 2  nn YX   212232 428,1028   nnnn xxxx  

2 18432192 2  nn YX   312242 4164,58248   nnnn xxxx  

3 51232 2  nn YX   112222 3216,1648   nnnn yxyx  

4 460896 2  nn YX   213222 3280,162824   nnnn yxyx  

5 147968544 2  nn YX   314222 32464,16164136   nnnn yxyx  

6 51232 2  nn YX   324232 28164,10588   nnnn xxxx  

7 51232 2  nn YX   223232 22480,80288   nnnn yxyx  

8 460896 2  nn YX   324232 224464,8016424   nnnn yxyx  

9 147968544 2  nn YX   132242 131216,4644136   nnnn yxyx  

10 460896 2  nn YX   233242 131280,4642824   nnnn yxyx  

11 51232 2  nn YX   334242 1312464,4641648   nnnn yxyx  

12 51232 2  nn YX   122232 8016,2848   nnnn yyy  

13 18432192 2  nn YX   132242 46416,164448   nnnn yyyy  

14 51232 2  nn YX   133242 46416,164288   nnnn yyyy  

 

3.3. Consider yxp  , yq  . Observe that 0 qp .  Treat qp,  as the generators of  the 

Pythagorean triangle   ,,T , where 

pq2 , 22 qp  , 22 qp   

     Then the following interesting relations are observed: 

a) 434    

b) 4165 
P

A
  

c) xy
P

A


2
 

d) 4
8

23 
P

A
  
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4. Conclusion 

In this paper, we have presented infinitely many integer solutions for all hyperbola represented 

by the negative pell equations 48 22  yx . As the binary quadratic Diophantine equation are rich in 

variety, one may choices of negative pell equations and determine their integer solutions along with 
suitable properties. 
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