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Abstract

This study presents a semi-analytical investigation of unsteady magnetohydrodynamic axial
flow of an incompressible, viscous, electrically conducting Newtonian fluid through an annulus
bounded by two stationary concentric cylinders. The flow is driven by a constant axial pressure
gradient and subjected to a uniform transverse magnetic field. Under the low-magnetic-
Reynolds-number approximation, the induced magnetic field is neglected and the Lorentz-force
term appears as a linear resistance to the axial motion. The governing momentum equation is
non-dimensionalized in terms of the radius ratio, dimensionless time, and Hartmann number.
The resulting initial-boundary-value problem is solved using the Laplace transform method,
while the Riemann-sum approximation is used to recover the transient velocity and skin-friction
fields. Closed-form steady-state expressions are also obtained for the velocity and wall shear
stress. The results show that the velocity increases with time and approaches the steady-state
profile, while increasing the Hartmann number suppresses the axial velocity and reduces the
wall shear magnitude. The transient skin friction on both annular walls approaches the
corresponding steady-state value as time increases. The formulation provides a useful semi-
analytical description of hydromagnetic start-up flow in annular geometries.

Keywords:

Magnetohydrodynamics; transient axial flow;, Hartmann number; Laplace transform;
Riemann-sum approximation; skin friction; annular flow.

Nomenclature

Symbols Name/Unit(s) Dimension
r' Radial coordinate (m) (L)

z: Axial coordinate (m) )
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t: Dimensional time (s) (T
7 Radius of the inner cylinder (m) L)
Ty Radius of the outer cylinder (m) )
v(r',t): Dimensional axial velocity (m/s) LT 1
T Dimensionless Radial coordinate, (r = :—2,)

T: Dimensionless time

V (r, T):Dimensionless axial velocity

Vs(r): Dimensionless steady-state axial velocity
p: Fluid pressure ML™1T—2
G: Constant axial pressure gradient ML™2T 2
p: Fluid density ML™3
u: Dynamic viscosity MLT-t
v Kinematic viscosity L?T1!
o: Electrical conductivity of the fluid M~1L73T3]?
By: Applied magnetic field strength MT~2]~1
A Dimensionless radius ratio (A = r—l)
T2
M: Hartmann number
S: Laplace transform parameter

V (r,8):Laplace transform of the dimensionless velocity

Ih(.): Modified Bessel function of the first kind of order zero
Ko(.): Modified Bessel function of the second kind of order zero
L(): Modified Bessel function of the first kind of order one
Ki(.): Modified Bessel function of the second kind of order one

1 Introduction

Transport phenomena in annular passages are important in fluid mechanics because annular
geometries occur in several internal-flow configurations, including heat exchangers, drilling

and wellbore systems, journal-bearing arrangements, rotating-cylinder devices, and
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electromagnetic flow-control systems. In such configurations, the presence of two cylindrical
walls imposes strong geometric confinement, while the radial curvature of the annular domain
modifies the diffusion of axial momentum. Unlike plane channel flow, the radial diffusion
operator in an annulus contains the curvature term (1/7)(dV/ dr), which affects the shape of

the velocity distribution and the wall shear stresses.

Unsteady annular flows have received considerable attention because the transient development
of velocity and wall shear determines the start-up response, flow-rate evolution, and approach
to steady motion. Semi-analytical studies of transient Dean flow and annular flow have shown
that the Laplace transform method, combined with numerical inversion, is effective for

resolving the development of time-dependent velocity fields in cylindrical geometries

[1], [2]. Related studies on generalized Taylor-Couette flow have also demonstrated that
annular geometry, wall motion, and transient diffusion strongly influence velocity formation
and shear distribution [3], [4]. Classical investigations of Taylor-Couette and axial annular
flows further show that radius ratio and wall confinement significantly affect the flow structure
and stability characteristics [5], [6]. Exact and limiting solutions for oscillatory pipe and annular
flows provide additional analytical benchmarks for time-dependent cylindrical transport

problems [7].

Recent developments have extended the analysis of unsteady cylindrical flows to more complex
fluid and boundary conditions. These include dusty-fluid effects in oscillating cylindrical
systems [8], variable-viscosity effects in unsteady Couette flow [9], and slip-modified
magnetohydrodynamic Dean flows [10]. Such studies emphasize the continued relevance of
semi-analytical methods for transient internal flows, particularly when the time-domain

inversion of the transformed solution is not straightforward.

Magnetohydrodynamic flow introduces an additional resistance mechanism through the
interaction between the motion of an electrically conducting fluid and an applied magnetic field.
When the magnetic Reynolds number is small, the induced magnetic field may be neglected,
and the electromagnetic effect enters the axial momentum equation through a Lorentz-force
term proportional to the velocity. This term generally opposes the fluid motion and acts as a
magnetic damping mechanism. MHD effects have been studied in Taylor-Couette and annular
configurations, where the magnetic field modifies the velocity distribution, shear stress, and
hydromagnetic stability characteristics [11], [12]. Related investigations of transient MHD
Couette, Poiseuille, and annular flows have also shown that the Hartmann number is a principal

parameter controlling the damping of conducting-fluid motion [13], [14], [15], [16].
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Although many studies have considered unsteady annular flows and MHD channel flows, there
remains a need for compact semi-analytical solutions for pressure-driven MHD start-up flow
in annular geometries with stationary cylindrical walls. The present study addresses this
problem by considering the transient axial motion of an electrically conducting Newtonian fluid
in an annulus under a uniform transverse magnetic field. The governing equation is formulated
under the assumptions of incompressibility, full development, axisymmetry, constant fluid
properties, negligible induced magnetic field, and no slip at both cylinder walls. The Laplace
transform method is used to obtain the velocity field in the transform domain, and the Riemann-
sum approximation is employed to recover the transient solution. Steady-state velocity and
skin-friction expressions are also derived to assess the large-time behaviour of the transient

solution.
2 Physical Interpretation and Basic Equations

Consider the unsteady, fully developed, pressure-driven axial flow of an incompressible,
viscous, electrically conducting Newtonian fluid through the annular region between two fixed
concentric cylinders. Let 1y and 7, denote the radii of the inner and outer cylinders,
respectively, with 0 < r; < r,. The dimensional radial coordinate is denoted by r’, and the
fluid occupies the annular region r; < r’ < r,. The flow is assumed to be axisymmetric and
fully developed in the axial direction. Hence, the velocity field has only an axial component,
V = (0,0,v(r',t)), where v(r’, t) is the dimensional axial velocity and t is time. The cylinders
are stationary, and the no-slip condition is imposed at both annular walls. The flow is driven by
a constant axial pressure gradient, while a uniform transverse magnetic field of strength By, is
applied to the electrically conducting fluid. The magnetic Reynolds number is assumed to be
sufficiently small so that the induced magnetic field is neglected. Under this approximation, the

magnetic contribution appears as a Lorentz-force resistance proportional to the velocity.

Physically, the axial pressure gradient drives the fluid motion, viscosity diffuses axial
momentum across the annular gap, and the Lorentz force opposes the motion of the conducting
fluid. The transient flow field is therefore governed by the balance among pressure forcing,
viscous diffusion, magnetic damping, and wall confinement. The model geometry of the flow

is given in Figure 1 below:
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Figure 1: Schematic of the flow physics

2.1 Dimensional governing equations

For the assumed unidirectional axial flow, the continuity equation is automatically satisfied.

The axial momentum equation in cylindrical coordinates is:

LTS B T Qe
pat_ 62+M ar’2+r’ar’ UBOU' (1)

Where p is the fluid density, u is the dynamic viscosity, ¢ is the electrical conductivity, B is

the magnetic-field strength, and p is the pressure. Let the imposed pressure gradient be

constant and defined by — Z—IZ’ = G, G > 0. Then the dimensional governing equation becomes:

ov 02 1 v

7 — ov  1ovy p2
po=G+u(sm+an) - oBdv. @

The initial and the no-slip boundary conditions are:
v(r',0) =0, <r' <. 3)
v(ry,t) =0,v(ry,t) =0,t >0, 4)

The dimensional skin frictions are:
Ty, = Uoy Ty = U], (5)
1 2

2.2 Dimensionless governing equations

Introduce the dimensionless variables:

r=la2=0T =:—2§,V(r,T) -, =%, M2 =

oBE¢r?
2 .
) ) g 7"2

u

(6)
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v is the kinematic viscosity, and A is the radius ratio, M is the Hartmann number. The annular

domain becomes, A < r < 1.

Using these definitions, the non-dimensional governing equation becomes:

v _v 10V 2
ar =zt 7o S+M)V +1. 7

The dimensionless initial boundary conditions are:
V(r,0)=0,1<r<1, (8)
VA, T)=0,V(1,T)=0,T > 0. 9)

The parameter M measures the strength of magnetic damping relative to viscous diffusion.
When M = 0, the problem reduces to the classical start-up pressure-driven annular flow
without magnetic damping. For M > 0, the Lorentz-force term —M?2V suppresses the axial

motion.
3 Solution

The dimensionless problem is solved using the Laplace transform in time. Let the Laplace

transform of function as defined in the work of [17] be
V(r,8) =L} = [, eSTV(r,T)dT. (10)

Applying the Laplace transform to equations (7) - (9) and simplifications, we obtain:

2y ’ N
S+ —(S+M =5 (11)

ar? ~ rdr

V(4,8)=0,V(1,8) =0. (12)
The associated homogeneous equation is a modified Bessel equation of order zero. Therefore,
the transformed solution has the form:

1
S(S+m2) (13)

V(r,S) = Cllo(r\/cs + MZ) + CzKo(Tch + MZ) +

where I and K are modified Bessel functions of the first and second kinds of order zero and

C; and C,, are obtained as:

. Ko(VS + M2) — Ko (WS + M)
LTSS + M2)[Io(VS + M2)Ko (WS + MZ) — Io(AVS + M2)K,o (VS + M2)]

and
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B Io(AVS + M2) — I,(VS + M?)
S(S + MA)[Iy(VS + M2)Ky (WS + MZ) — I, (AVS + M2)Ky (VS + MZ)|

G2

3.1 Velocity profile

The velocity profile is obtained in two forms: the transient velocity profile in the Laplace

domain and the steady-state velocity profile in closed form.
3.1.1 Unsteady velocity profile

Substitution of the constants C; and C, into the transformed velocity field (13) gives:

V(r,S) =
1 14 {Ko(VS+M2)—Ko(AVS+M2) o (rVS+M2) +{Io (VS +M2)— 1y (VS +M2Z) }Ko (rVS + M?) 14
S(s+M?) Io(VS+M2) Ko (AVS+M2)—Io(AVS +M?) Ky (VS +M?) (14)

The corresponding time-domain velocity is formally
V(r,T) =LYV (r8)} (15)

Since the transformed solution contains modified Bessel functions with complex Laplace
parameter S, direct analytical inversion is generally not convenient. Therefore, the Riemann-

sum approximation method is employed to numerically recover the transient solution.
3.1.2 Steady velocity profile
At steady state, g—‘; = 0. Therefore, equation (8) is reduced to:

d?Vy . 1dvs
dr? r dr

— M2V, = —1. (16)

The steady solution is:

V(1) = C3lo(rM) + C4Ko(rM) + —=. (17)
Using

Vs(1) = 0,V5(1) = 0, (18)
we obtain:

Ko(M) — Ko(AM)

C3 = W21y (M) Ko (M) — 1o M) Ko (M)

and
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o Io(AM) — Io (M)
T M2[1,(M)Ko(AM) — I,(AM) Ko (M)]

respectively.

Thus, the steady velocity profile is:

{Ko (M) =Ko (AM)}o (rM)+{Io (AM)—1o (M)}Ko (rM) (19)
Io(M)Ko (AM) —1o (AM)Ko (M) '

W) = 51+

This expression represents the limiting velocity distribution approached by the transient

solution as T — oo,
3.2 Skin friction

The dimensionless skin friction is proportional to the radial derivative of the dimensionless

velocity. Define by: C¢(r,T) = Z—Z.

The inner-wall and outer-wall skin frictions are respectively Cr 1 (T) = Z—Z K and G 1(T) =
T:

av

e Because the velocity satisfies the no-slip condition at both walls, these quantities
r=1

measure the shear response of the annular boundaries.
3.2.1 Unsteady skin friction

In the Laplace domain,

(f ) = [{KO(\/$+M2)—K0(/1\/S+M2)}11(A\/S+M2)—{IO(/'l\/S+M2)—IO(\/S+M2)}K1()l\/S+M2)] (20)
fARST S(VS+M2)[Io(VS+M2) Ko (AVS +MZ)— Iy (AVS +M2) Ko (VS+M2)) '
and
C' (S) = [{Ko(\/S+M2)—K0(l\/S+M2)}Il(\/S+M2)—{IO(l\/5+M2)—IO(\/S+M2)}I(1(\/S+M2)] @1
fANE) = S(VS+M2)[Io(VS+MZ) Ko (ANS+MZ)~ I (AVS + M2) Ko (VS+M2)] '

The time-domain unsteady skin frictions are obtained through inverse Laplace transformation:
Cra(T) = L7HCr (S}, (22)
Cra(T) = L7HCr 1 ()} (23)

3.2.2 Steady skin friction

Using the steady velocity of equation (17), the steady skin friction at the inner and outer

cylinders is:

[Ko (M)=Ko(AM)]11 (AM)—[Io (AM)—I5(M)]K (AM)
M([Io(M)Ko(AM)—Io(AM) Ko (M)] ’

C6D = (24)
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C(St) — [Ko(M)—Ko(AM)]1; (M)—[Io(AM)—Io(M)]K1 (M) (25)
f1 M[Io(M)Ko(AM)—Io(AM)Ko (M)] '

These steady expressions provide reference values for assessing the large-time behaviour of

the transient skin-friction solution.
3.3 Riemann-sum Approximation of Laplace Inversion

The Laplace-domain velocity and skin-friction expressions contain modified Bessel functions
with the complex Laplace parameter. Although the transformed solution is available in closed
form, direct analytical inversion is generally not convenient. Therefore, the transient velocity
and wall shear stresses are recovered numerically using the Riemann-sum approximation for
Laplace inversion. This approach has been used in related transient annular and Dean-flow
studies because it allows the time-dependent solution to be obtained from the transformed

expression without direct time marching [17], [18].

Let F(S) be the Laplace transform of a time-dependent function F(T). The inverse transform

is approximated by

F(T,r) = eTiTEF(e,r) +ReZN F(e +ian,r) (—1)’<], (26)
where i = /=1, N is the number of terms retained in the finite summation, and € is a positive
convergence parameter. The value of N is chosen sufficiently large to ensure stable numerical
convergence. In practical computations, €T = 4.7 is commonly used as a convergence
criterion, although the optimal choice may depend on the required accuracy and the range of

dimensionless time.

For the present problem, Eq. (26) is applied separately to the transformed velocity V (r, S), the
inner-wall transformed skin friction C +1(5), and the outer-wall transformed skin friction

C_'f‘l (8). Thus,

V(r,T) =LYV (r,8)},
Cra(T) = L7HCra(5)}
Cra(T) = L7HCr1(S)}

The large-time behaviour of the Riemann-sum solution is assessed by comparing the transient
results with the corresponding steady-state velocity and skin-friction expressions. This
comparison is important because the unsteady solution must approach the steady solution as

T — oo,
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4 Results and Discussion

The numerical results describe the transient development of MHD pressure-driven axial flow
in a stationary annulus. The main governing parameters are the dimensionless time T,
Hartmann number M, and radius ratio A. The Hartmann number appears in the governing
equation through the damping term —M2V, which represents the Lorentz-force resistance
opposing the axial motion. The radius ratio controls the width of the annular gap and therefore

influences both the velocity distribution and the wall shear stress.
4.1 Effect of dimensionless time on velocity

Figure 2 shows the effect of dimensionless time T on the velocity profile for M = 1.0. At small
time, the velocity is low because the fluid starts from rest and the pressure-driven motion has
not fully developed across the annular gap. As T increases, the velocity increases throughout

the annular region and gradually approaches a steady profile.

The velocity satisfies the no-slip condition at both walls and reaches its maximum within the
annular gap. The profile is not exactly symmetric because the cylindrical diffusion operator
contains the curvature term (1/7)(0V/ dr). This curvature effect is a characteristic feature of

annular flow and distinguishes the present problem from plane channel flow.

The numerical values in Table 1 confirm the transient-to-steady development. For M = 0.5 at
r = 0.6, the RSA velocity increases from 0.0780 at T = 0.2 to 0.0822 at T = 0.4, and then
reaches the steady-state value 0.0824. For M = 1.0 at the same radial location, the RSA
velocity increases from 0.0747 at T = 0.2 to 0.0782 at T = 0.4, approaching the steady-state
value 0.0783. This agreement shows that the transient solution approaches the steady-state

limit as time increases.
4.2 Effect of Hartmann number on velocity

Figure 3 presents the influence of Hartmann number on the axial velocity profile for fixed T =
0.02. The velocity decreases as M increases. This behaviour follows directly from the magnetic
damping term —M?2V. A stronger magnetic field increases the Lorentz-force resistance, which

suppresses the axial motion of the electrically conducting fluid.

The trend is also evident in Table 1. At T = 0.2 and r = 0.6, the RSA velocity decreases from
0.0780 for M = 0.5 to 0.0747 for M = 1.0. At steady state, the corresponding velocity
decreases from 0.0824 to 0.0783. Similar reductions occur at r = 0.4 and r = 0.8. Therefore,
the Hartmann number acts as a controlling damping parameter in both the transient and steady

regimes.
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This result is consistent with previous MHD flow studies, where increasing magnetic-field
strength reduces the motion of conducting fluids through Lorentz-force damping [13], [15]. In
the present annular configuration, the magnetic field reduces the entire velocity profile while

preserving the no-slip condition at the boundaries.
4.3 Effect of time on inner-wall skin friction

Figure 4 shows the effect of time on the skin friction at the inner cylinder r = A for M = 1.0.
The inner-wall skin friction is positive because the velocity increases from zero at the inner
wall toward the interior of the annular gap. At early times, the developing velocity field
produces a rapid variation in the wall gradient. As time increases, the skin friction approaches

a limiting steady value.

Table 2 supports this behaviour. For M = 1.0 and 4 = 0.4, the RSA value of the inner-wall
skin friction is 0.3601 at T = 0.2, 0.3613 at T = 0.4, and 0.3612 at steady state. The small
difference between the transient and steady values indicates that the wall shear approaches its
steady limit as the flow becomes fully developed. Similar convergence is observed for 1 = 0.6

and A = 0.8.

The values also show that the skin friction decreases as A increases. For M = 1.0 at steady
state, the inner-wall skin friction decreases from 0.3612 at A = 0.4 to 0.2190 at A = 0.6, and
then to 0.1038 at A = 0.8. This indicates that the radius ratio strongly affects the wall-gradient

distribution.
4.4 Effect of time on outer-wall skin friction

Figure 5 shows the effect of time on the skin friction at the outer cylinder r = 1 for M = 1.0.
The skin friction at the outer wall is negative because the velocity decreases from the interior
maximum to zero at the outer wall. Hence, the radial velocity gradient at r = 1 is negative

under the adopted sign convention.

The numerical values in Table 2 confirm the convergence of outer-wall skin friction with time.
For M = 1.0 and A = 0.4, the RSA value changes from —0.2626 at T = 0.2 to —0.2634 at
T = 0.4, and approaches the steady-state value —0.2632. The agreement between the transient
and steady values improves at large time. This confirms that the Riemann-sum inversion

recovers the expected steady wall-shear behaviour.

The magnitude of the outer-wall shear also decreases as A increases. For M = 1.0 at steady

state, the outer-wall skin friction changes from —0.2632 at A = 0.4 to —0.1844 at A = 0.6,
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and then to —0.0964 at 1 = 0.8. The reduction in magnitude reflects the influence of annular

geometry on the radial distribution of velocity gradients.
4.5 Effect of Hartmann number on inner-wall skin friction

Figure 6 presents the influence of the Hartmann number on the inner-wall skin friction for fixed
T = 0.02. Increasing M reduces the inner-wall skin friction. This occurs because the magnetic

field suppresses the axial velocity and weakens the velocity gradient transmitted to the wall.

Table 2 confirms this trend. At T = 0.2 and A = 0.4, the RSA inner-wall skin friction decreases
from 0.3686 for M = 0.5 to 0.3601 for M = 1.0. At steady state, the corresponding value
decreases from 0.3699 to 0.3612. Similar reductions are observed at A = 0.6 and 4 = 0.8.
Therefore, magnetic damping reduces not only the velocity magnitude but also the inner-wall

shear.
4.6 Effect of Hartmann number on outer-wall skin friction

Figure 7 shows the effect of Hartmann number on the skin friction at the outer wall. Since the
outer-wall derivative is negative, the effect of increasing M is interpreted in terms of the
magnitude of the shear. The results show that increasing M reduces the magnitude of the outer-
wall skin friction. For example, at T = 0.2 and 1 = 0.4, Table 2 shows that the outer-wall RSA
skin friction changes from —0.2681 for M = 0.5 to —0.2626 for M = 1.0. At steady state, the
corresponding values are —0.2689 and —0.2632. Thus, the magnetic field weakens the wall
shear by damping the flow field throughout the annulus.

This behaviour is physically consistent with the velocity results in Figure 3. Since the magnetic
field reduces the axial velocity, the radial velocity gradient at the wall is also reduced in
magnitude. The wall shear therefore reflects the same Lorentz-force damping mechanism

observed in the velocity profiles.
4.7 Consistency of the semi-analytical solution

Tables 1 and 2 compare the transient RSA results with the steady-state values. For both velocity
and skin friction, the RSA values approach the steady-state values as T increases. This
agreement supports the consistency of the Laplace-transform solution and the numerical

inversion procedure.

In Table 1, the RSA velocity values at T = 10* coincide with the steady-state values to the
reported decimal places. In Table 2, the same agreement is observed for the skin-friction values
at both annular walls. This confirms that the transient solution correctly recovers the steady-

state behaviour at large time.
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The results are therefore consistent with the mathematical structure of the governing problem:
the pressure gradient drives the flow, viscosity distributes momentum across the annulus, and

the magnetic field introduces a resistive force proportional to the velocity.
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Figure 6: Effect of Hartmann number (M) on the skin friction at r = A for fixed T = 0.02.

-0.09

.
e
=

=3
—_
—_

©
—_
(3]

=
—
w

71(T) - Skin friction at 7

<
—
~

0.2

Figure 7: Effect of Hartmann number (M) on the skin friction at r = 1 for fixed T = 0.02.

Table 1: Numerical values of axial velocity profile for different values of T, and M.

Velocity profile
M = 0.5 M=1.0
T r RSA Steady-state RSA Steady-state
0.2 0.4 0.0682 0.0721 0.0654 0.0685
0.6 0.0780 0.0824 0.0747 0.0783
0.8 0.0532 0.0558 0.0511 0.0533
0.4 0.4 0.0719 0.0721 0.0684 0.0685
0.6 0.0822 0.0824 0.0782 0.0783
0.8 0.0557 0.0558 0.0532 0.0533
0.4 0.0721 0.0721 0.0685 0.0685

|
Page 126
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10* 0.6 0.0824 0.0824 0.0783 0.0783
0.8 0.0558 0.0558 0.0533 0.0533

Table 2: Numerical values of the skin friction at r = A and r = 1 for different values of T, and

M.

Skin frictionatr = A Skin frictionatr = 1
M=0.5 M=1.0 M = 0.5 M=1.0
T A RSA Steady RSA Steady RSA Steady RSA Steady
State State State State
0.2 04 | 0.3686 0.3699 0.3601 0.3612 | -0.2681 | -0.2689 | -0.2626 | -0.2632
0.6 | 0.2214 0.2213 0.2191 0.2190 | -0.1863 | -0.1862 | -0.1845 | -0.1844
0.8 | 0.1042 0.1041 0.1039 0.1038 | -0.0967 | -0.0966 | -0.0965 | -0.0964
0.4 0.4 | 0.3701 0.3699 0.3613 0.3612 | -0.2690 | -0.2689 | -0.2634 | -0.2632
0.6 | 0.2214 0.2213 0.2191 0.2190 | -0.1863 | -0.1862 | -0.1845 | -0.1844
0.8 | 0.1042 0.1041 0.1040 0.1038 | -0.0967 | -0.0966 | -0.0965 | -0.0964
104 04 | 0.3699 0.3699 0.3612 0.3612 | -0.2689 | -0.2689 | -0.2632 | -0.2632
0.6 | 0.2213 0.2213 0.2190 0.2190 | -0.1862 | -0.1862 | -0.1844 | -0.1844
0.8 | 0.1041 0.1041 0.1038 0.1038 | -0.0966 | -0.0966 | -0.0964 | -0.0964

5 Conclusion

A semi-analytical study has been presented for unsteady magnetohydrodynamic axial flow of
an incompressible, viscous, electrically conducting Newtonian fluid through an annulus
bounded by two stationary concentric cylinders. The flow is driven by a constant axial pressure
gradient and subjected to a uniform transverse magnetic field. Under the low-magnetic-
Reynolds-number approximation, the induced magnetic field is neglected and the magnetic

effect is represented by a Lorentz-force damping term.

The governing momentum equation was non-dimensionalized using the outer-cylinder radius,
viscous time scale, and pressure-gradient velocity scale. The resulting transient boundary-value
problem was solved using the Laplace transform method. Because the transformed solution
involves modified Bessel functions with complex arguments, the Riemann-sum approximation
was used to recover the time-dependent velocity and skin-friction fields. Steady-state
expressions were also obtained for comparison with the large-time solution. The main findings

are as follows:

1. The axial velocity develops from the initial rest condition and approaches a steady-

state annular profile as time increases.

2. The maximum velocity occurs within the annular gap, while the velocity satisfies the

no-slip condition at both cylinder walls.
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Increasing the Hartmann number reduces the axial velocity because the Lorentz force

opposes the motion of the conducting fluid.

The inner-wall skin friction is positive, while the outer-wall skin friction is negative

under the derivative convention Cr = dV/ dr.

The magnitude of the skin friction at both walls decreases as the Hartmann number

Increases.

The radius ratio affects the wall shear stress by modifying the annular gap and the radial

distribution of the velocity gradient.

The transient RSA results approach the steady-state values at large time, confirming

the consistency of the semi-analytical solution.

The study provides a compact semi-analytical description of MHD start-up flow in an annular

passage. The results may serve as reference solutions for idealized hydromagnetic annular-flow

problems.
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